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INTRODUCTION

Let X ..,XN be independent and identically distributed random vari-

-
bles with1a common absolutely continuous distribution. For N=1,2,..., con-
ider the problem of testing the hypothesis that this distribution is sym-
stric about zero against a sequence of alternatives that is contiguous to
he hypothesis as N - «, The level a of the sequence of tests is fixed in
J,1). Standard tests for this problem are linear rank tests and linear per-
atation tests and expressions for the limiting powers of such test are of

ourse well-known. In this paper we shall be concerned with obtaining asymp-

. . -1
otic expansions to order N for the powers
-1

N of these tests, i.e. expres-

1 -
ions of the form 7 _ = ¢ +c1N_2+c2 NN 1+0(N ). Of course this involves es-
9

N 0
ablishing similar expansions for the distribution function of the test sta-
istic under the hypothesis as well as under contiguous alternatives. For

implicity we shall eventually limit our discussion to contiguous location
lternatives and in this case terms of order N_% do not occur in the expan-
ions.

One reason to consider these problems would be to obtain better numeri-
11 approximations for the critical value of the test statistic and the pow-
» of the test than can be provided by the usual normal approximation. A num-
sr of authors have investigated this possibility, usually dealing only with
1e hypothesis in order to obtain critical values and more often for the two-
imple case than for the one-sample tests we are concerned with here. For an
:count of this work we refer to a review paper of BICKEL [1974], which inci-
:ntally also contains a preview of the present study. Here we merely note
1at, with the exception of a recent paper of ROGERS [19T7L4], all previous
>rk is based on formal Edgeworth expansions. One of the purposes of the pre-
:nt paper is to give a rigorous proof of the validity of such expansions.
JGERS [1974] has given such a proof for the two-sample Wilcoxon test under
1e hypothesis. In a companion paper (BICKEL and VAN ZWET [19T74]) expansions
.11 be derived for the general two-sample linear rank test under the hypoth-
3is as well as under contiguous location alternatives.

Here we shall not dwell on the numerical aspects of the expansions we
vtain. Numerical results are contained in the Ph.D. thesis of ALBERS [197L].
: only mention that the expansions for the power seem to behave as might be

:pected. In those cases where the normal approximation already produces rea-

mably good results, the expansions perform even better and often much bet-




;er. On the other hand, in cases where the normal approximation is known to
e disastrous -the Wilcoxon test for Cauchy alternatives for instance- the
:xpansion is as bad or even worse.

We shall concentrate on a different aspect of the expansions for the
jower. Consider two sequences of tests {TN} and {Tﬁ} for the same hypothesis
it the same fixed level a. Let ﬂN(eN) and nﬁ(eN) denote the powers of these
.ests against the same sequence of contiguous alternatives parametrized by
. parameter 6. If T _ is more powerful than T! we search for a number k

N N N
H + - 1 . .

N dN such that_wN(eN) nkN(e ). Here kN and dN are treated as continuous

'ariables, the power ﬂ& being defined for real N by linear interpolation be-
ween consecutive integers. The quantity dN was named the deficiency of {T&}

ith respect to T by HODGES and LEHMANN [1970], who introduced this concept

nd initiated itsttudy. Of course, in many cases of interest, dN is analy-
ically intractable and one can only study its asymptotic behavior as N tends
o infinity.

Suppose that for N - «, the ratio N/k tends to a limit e, the asympto-
ic relatlve efficiency of {T } with respect to {T }. If 0 < e < 1, we have
N~ (e -1)N and further asymptotic information about dN is not particular-
y revealing. On the other hand, if e=1, the asymptotic behavior of dN, which
ay now be anything from 0(1) to 0(N), does provide important additional in-
ormation. Of special interest is the case where dN tends to a finite limit,
he asymptotic deficiency of {Tﬁ} with respect to {TN} (c.f. HODGES and LEH-
ANN [19701).

Of course, an asymptotic evaluation of dN is a more delicate matter than
howing that e=1. What is needed is an expansion for the power of the type we
iscussed above. With the aid of such expansions we arrive at the following
esults. Let F be a distribution function with a density f that is symmetric
bout zero and let b be a positive real number. Consider the problem of test-
ng the hypothesis F against the sequence of alternatives F(x-bN_%) at level
. Let dN denote the deficiency of the locally most powerful rank test with
espect to the most powerful test for this problem. Under certain regularity
onditions on F we establish an expression for dy with remainder 0(1) and
aow that this expression remains unchanged if the exact scores in the local-
y most powerful rank test are replaced by the corresponding approximate

cores. The asymptotic behavior of dN is found to be governed by that of

1-1/N 2 2
1.1) I =f G e (A p(1-t)at
NooJm <dt2 2 )




1 the sense that 4 = O(IN) as N » o, By taking F to be the normal distri-
ation we find that the deficiency of both the normal scores test and van

sr Waerden's test with respect to the X-test for contiguous normal alterna-
ives tends to = at the rate of 2log log N. For logistic alternatives the
2ficiency of Wilcoxon's signed rank test with respect to the most powerful
arametric test tends to a finite limit. Another typical result is that for
mtiguous normal alternatives the deficiency of the permutation test based
1 Z Xi with respect to Student's test tends to zero for N - «,

Combining numerical and Monte Carlo methods, ALBERS [19T74] has evalua-
:d the deficienéy of the normal scores test with respect to the X-test for
= 5-(1)-10, 20 and 50. The results agree reasonably well with the asymp-
>tic expression for dN'

To every linear rank test with nonnegative and nondecreasing scores,
1ere corresponds an estimator of location due to HODGES and LEHMANN [1963].
similar correspondence exists between the locally most powerful parametric
:st and the maximum likelihood estimator. We shall exploit this correspon-
:nce to obtain asymptotic expansions for the distribution functions of these
stimators. We shall show that, when suitably defined, the deficiency of the
dges-Lehmann estimator associated with the locally most powerful rank test
.th respect to the maximum likelihood estimator is asymptotically equivalent
> the deficiency of the parent tests.

In section 2 we establish an asymptotic expansion for the distribution
mction of the general linear rank statistic for the one-sample problem un-
'r the hypothesis as well as under alternatives. We specialize to contigu-
ls location alternatives in section 3 and derive an expansion for the power
' the linear rank test. In section 4 we deal with the important case where
e scores are exact or approximate scores generated by a smooth function J.
near permutation tests are discussed in section 5. The results on defi-
encies of distributionfree tests are contained in section 6. Finally, sec-

.on T is devoted to estimators.

Although the basic ideas underlying this paper are simple, the proofs
e a highly technical matter. The most laborious parts are dealt with in
0 appendices. We have omitted the proofs of theorem 5.1 and lemma 6.1 be-
use we felt that their inclusion would entail much repetition without es-
ntially new ideas. Some relevant results have been left out altogether for
ch the same reasons. We are referring to a treatment of contiguous alterna-
ves other than location alternatives for linear rank tests, to expansions

r the power of locally most powerful parametric tests, most powerful per-




ion te d rand tests.

und in h.D. t 9T4].




’. THE BASIC EXPANSION

Let X .,X.. be independent and identically distributed (i.i.d.) ran-

12°° )
lom variables (r.v.'s) with common distribution function (d.f.) G and den-

ity g, and let 0 < Z1 < Z2 <ere< ZN denote the order statistics of the ab-

jolute values of X1""’XN' If IXR.I = Zj’ define
J
1 1f XR. >0
J
2.1) V. =
J
0 otherwise.

le introduce a vector of scores a = (a1,...,aN) and define the statistic
N
2.2) T= ) a. V..

le shall be concerned with obtaining an asymptotic expansion for the distri-
ution of T as N »> =,

Our notation strongly suggests that we are considering a fixed under-
ying d.f. G and perhaps also a fixed infinite sequence of scores as N - o,
owever, this is merely a matter of notational convenience and our main con-
ern will in fact be the case where the d.f. depends on N and the scores form
. triangular array a.

J-N
ndex N throughout our notation we shall formally present our results in

s J=1,.0..,0, N=1,2,... . Since we are suppressing the

erms of error bounds for a fixed, but arbitrary, value of N. However, as we
hall point out following the proof of theorem 2.2, these results are really
symptotic expansions in disguise.

The r.v. T is of course the general linear rank statistic for testing

he hypothesis that g is symmetric about zero. Under this hypothesis,

'1,...,VN are i.i.d. with P(Vj=1) = %u For general G, VT""’VN are not inde-
endent. However, one easily verifies that, conditional on Z = (Z1""’ZN)’
he r.v.'s V1""’VN are independent with
g(ZJ)
2. P. = P(V.=1 Z =
3) J ( J | 2) g(Zj) + g(—Zj)

As independence allows us to obtain expansions of Edgeworth type, we

hall carry out the following program to arrive at an expansion for the dis-




tribution of T. First we obtain an Edgeworth expansion for the distribution

N
Having done this we substitute the random vector P = (P1,...,EN) defined in

of 8 Wj, where W ,...,W, are independent with p; = P(Wj=1) = 1—P(Wj=0).

(2.3) for p = (p1,...,pN) in this expansion. The expected value of the re-

sulting expression will then give us an expansion for the distribution of T.
In carrying out the first part of this program we shall indicate any

dependence on p = (p1,...,pN) in our notation. Consider the r.v.

N
Y a.(W.-p.)

(2.4) =109 9 9

) (p)

where
) N

(2.5) t(p) = ) p.(1-p.)a

521 40

denotes the variance of ) a, Wj. Obviously (2.4) has expectation 0 and var-
J 1

iance 1; its third and fourth cumulants, multiplied by N2 and N respective-

ly, are

.Y p.(1-p.)(2p.-1)a>

(2.6) « (p) = - N° L 2;(1%; o M .
3 3
= (p)
in
(1-p.) (1-6p.+6p°)a.
T (p)

Let R and p denote the d.f. and the characteristic function (c.f.) of (2.4),
thus

z a.(W.-p.)
(2-8) R(X,P) = P<_J__R%T—J_' = X) )

(2-9) p(tsp)

m i 5"
321 I_pj eXp{1(1—pj) T(p)} + (T-PJ-) eXp{—l pJ- T(P)}} .

A formal Edgeworth expansion to order N—1 for the d.f. R is given by
CRAMER [19461; FELLER [1966])




:2.10) ,f%(X,p) = ‘D(X) +‘ d)(X) {N—%Q—I(X3P) + N-1Q2(Xap)}s

there ¢ and ¢ denote the d.f. and the density of the standard normal distri-

ution, and

k4(p)
Q,(x,p) = - =2 ("-1),

2.11)
k), (p) 3 Kg(p)

QZ(X,p) = - 75 (x7-3x) - 3

(x5—10x3+15x).

et ;(x,p) be the derivative of ﬁ(x,p) with respect to x. In what follows
re shall need an expression for the Fourier transform S(t,p) =

; fexp(itx);(x,p)dx of T and one easily verifies that

2.12) o(t,p) = e

To justify a formal Edgeworth expansion like (2.10), i.e. to show that
ﬁ—RI is indeed O(N-1), one usually invokes the following result (FELLER
19661).

EMMA 2.1. Let R be a d.f. with vanishing expectation and c.f. p. Suppose
hat R-R vanishes at t» and that R has a derivative T such that |r| < m.
“nally, suppose that T has a continuously differentiable Fourier transform
" such that p(0) = 1 and p'(0) = 0. Then for all x and T > 0,

N
LI |

o(t)-p(t + 2hm

mT

IN

2.13) IR(x) - R(x)] at

o(N—1), it therefore suffices to show that e.g.

To prove that |R-R|
or T = bNB/2
idering this may be done in the standard manner (FELLER [1966]1) with one

, the integral in (2.13) is O(N_1). For the case we are con-

mportant modification at the point where it is shown that |p(t,p)/t]| is
ufficiently small when |t| is of the order 1(p) or larger. Here one usual-

y makes what FELLER calls the extravagantly luxurious assumption that the




c.f.'s of all summands are uniformly bounded away from 1 in absolute value
outside every neighborhood of 0. Obviously this condition is not satisfied
in our case where the summands ajwj are lattice r.v.'s. Weaker sufficient
conditions of this type are known, but all seem to imply at the very least
that the sum itself is non-lattice. In our case this would exclude for in-
stance both the sign test and the Wilcoxon test.

Although the assumptionsmentioned above may be unnecessarily strong,
it is clear that one has to exclude cases where the sum (2.4) can only as-
sume relatively few different values. As R is continuous, one can not allow
R to have jumps of order 1\1_1 or larger. Thus the sign test where jumps of
order N_% occur, will certainly have to be excluded. However, it is exactly
the simple lattice character of this statistic that makes it easily amenable
to other methods of expansion (see for instance ALBERS [1974]). For the Wil-

(N—3/2)

coxon statistic on the other hand, all jumps are 0 and the assump-

tions we shall make will not rule out this case.
For 0 < g < % and ¢ > O consider the set of those aj for which the cor-
responding pj satisfies ¢ < pj < 1-e, and let y(e,z,p) denote the Lebesgue

neasure A of the g-neighborhood of this set, thus

:2-1h) Y(Eagsp) = A{X I aj ’X-ajl < C s E < Pj = 1-5}-

LEMMA 2.2. Suppose that positive numbers c,C,8 and e exist such that
N N

: 1 2 1

2.15) T Z p.(1—p.)alj 2e, y Z a. < C,

3/2

2.16) v(e,z,p) = 8Ng for some ¢ > N log N.

hen there exist positive numbers b,B and B depending on N, a and p only
hrough c¢,C,8 and e, such that

|

log(N+1)<|t|<bN

D(tap>gp(tsp) dt < B N_BlOg N.

3/2

>ROOF. Since (2.15) implies that IK3(p)] < (Cc—2)3/h and lKh(p)I < ce e,




[t|>log(N+1)

‘here B1,B1 > 0 depend only on ¢ and C. Also, for all t,

N
2.17) lo(t,p)| = T

J a(p a(p
L
< exp{-%tg + Ct2 }
96c°N

|
[N

1 1
-5_3 . . 2 . .
or |t| < LeC ?N® this is < exp(-t“/3). Hence, if b' = LkeC™2, there exist

ositive constants B2 and 82 such that

1
log(N+1)<|t|<b'N?

As vy(e,z,p)/r is nonincreasing in z, we may assume that ¢ < 1 in (2.16).
ecause of (2.15) for any M > g the number of Ia | = M—c can be at most
N(M—c)_h; choosing M = (8C/6) + 1 we have CN(M—g) < 8N/8 < y(e,z,p)/8C.

t follows that

/ y(e,z,p) _ y(e,z,p)
Alx | 3. la.| =2 M-z, Ix—ajl < gp < 2C 8z = i .

ogether with (2.16) this implies that for every real t

%5 . Lltl 1, 3ltly(e,z,p)

A

J
AS 2 3. la.| £ M- Z-
{ | ; | J! z, |

W) “rlp)r € 5P < e =TT

1 _ 1
ake b = §[(32M/7mc?)+(16/p")] ' Then, for every |t]| e [b'N2,bN3/2]




2ch3/2

Mt | |z-km| < =——F—— for some integer k} <
(p)

(p) ?

A{z | 1z] <

- (2l ) seon™® _(emje] | ol ) b2 y(e,z,p) _ Itly(e,t,p)
m(clN)® b'N°

mt(p) /) t(p) ~ (p) SN - he(p) 2

and hence

Mt | %5 zlt] A
< .Ja.| < M- - <p.<l-g3
lz| < (p)° 3.]a.| M-z, |z T(p)l < (p)° € PJ €5
A< z > 2 JJLLLLEJE:&&Z.
27bN .
|z-km| > __¥(57—_ for every integer k

As z)t] < cons/2

, this implies that the number of indices j for which
I(ajt/T(p))—kﬂI > CbNB/Z/T(p) for every integer k and e < pj < 1-¢, is at

least equal to

t(p) [tly(e,z,p) . SN
2zlt] ” 21(p) L
- - 3 ..3/2
For such an index j we have for all |t| e [b'N®,bN~' "],

—

~

(p

—~

8.t 2 2.2 3 13 2.2 3
< T il G (1-)pN
1—2Pj(1-Pj)(1—Cos —j—')} < {1—25(1—€> (et ))2J < exp{- £ £ }

-3/2

1
and hence, as th(p) < C°N and ¢ 2 N log N,

2 L2 2
Se(1-e)b N Se(1-g)b 2
lo(t,p) | < eXp{— el 28; - } < exP{- *542;4%l—* (log N) }
b=t (p) moC®

lhis implies that for some B3,83 > 0 depending on c¢,C,8 and €,
-B.log N
[ Eizgﬁl at < By N 308 ,

3/2 -

1
b'N%<|t | <bN

shich completes the proof. [




11

We now justify expansion (2.10).

HEOREM 2.1. Suppose that positive numbers c,C,8 and e exist such that
2.15) and (2.16) are satisfied. Then there exists A > 0 depending on N,a
nd p only through c,C,8 and € such that

2.18) sup |R(x,p) - ﬁ(x,p)| < AN_S/M.
X

ROOF. For 0 < y < 1 and —% <z < %3 Rely exp{i(1-y)z} + (1-y)exp{—iyz}]zz%,

nd hence we have the following Taylor expansion (mod. 2mi)

(1-y)z -iyz) _ _ 1 2

2.19) log(}fel + (1-y)e -3 y(1=y)z= + %'y(1—y)(2y—1)iz3 +

+ o v (1-6y6°)2" + 0, (v,2),

|z|5 for some fixed C, > 0. If |ajt/T(p)| <L for all

1 1 2
, we can apply this expansion to the logarithm of every factor in (2.9)

here IM1(y,z)| <C

hich yields

12 K3(p)it Kh(p)th
2.20) p(t,p) = exp{— >t - * TSIE + Mg(t,p)},

here IM,(t,0)1 < ¢, 18/t(p)1” ] lay1°. 1

Condition (2.15) implies that maxlajl < (CN)* and hence that |a.t/t(p)| <
(o)1 < (ce™23/"
Kh(p)l < Cc_2; because maxlajl < (CN)* we also have T—éip) z IaJ.l5 <
(Cc_2)5/h N-S/h. It follows from these remarks that there exists c1 > 0,

1
epending only on c¢ and C, such that for |[t]| < <, N* expansion (2.20) is

11
(Cc_g)l+ N *|t| for all j. We have already seen that |« and
1

alid and also

K3(p)1t3 Ku(p)th 12
_-——6—1\-.[—%———- + _—2-):1\_1—— + lMg(t’p)l S'E't .

Fli=

ence, for |t| € ¢, N*, Taylor expansion of (2.20) yields

~

2.21) O(t,P) = p(t:p) + M3<t,P)s

~

rere § is given by (2.12), Ig(t,0)] < (V2™ 12 1) 61%Q( It ) exp(t7/H)




and Q is a polynomial with coefficients depending on c and C. This implies

the existence of A1 > 0 depending on ¢ and C and such that

(2.22) oﬁ,p)f(t,p) a <A, w5/

Fl=

|tl$C1N

As c, depends only on c and C we m?y assume without loss of generality that
U is so large that log(N+1) < c, N*. The theorem is now proved by combining
(2.22) and lemma 2.2, noting that r(x,t) = é%%(x,t) is bounded by a number
lepending only on c and C and applying lemma 2.1. []

It will be clear that by requiring that ZlaJ 5 <CN in theorem 2.1 one
sbtains |R-R| < A N -3/2 which is the "natural" order of the remainder.
Before we replace p by the random vector P = (P1,...,PN) defined in

(2.3) and compute the unconditional distribution of T by taking the expected
ralue, we first have to change the standardization of z a. W. into one that
loes not involve p. As before, let W1,... W_ be 1ndependent with P(W j=1) =

N
= P(W =0) = Pss let p = (p1,...,pN) be a vector with 0 < p. < 1 for all j,

ind con51der the d.f. R (x ,D>p) of the r.v. T Z 8 J , thus
E a.(w.-E.)

. * ~

2.23) R (x,p,p) = P( (3) = X)-

lere T z P —pJ ? in accordance with (2.5); similarly K3(5), Kh(S),
31( ,p) Q2( ,p) and R(x,p) are defined by replacing p by p in (2.6), (2.7),
2.11) and (2.10).

For reasons that will become clear in the sequel we shall also at this
tage expand T(E)/T(p) in powers of (Tg(p)—r2(£))/12(5); at the same time
he numerators of K3(p) and Ku(p) will be expanded about the point p = p.
ater on, when pj is replaced by Pj’ we shall e.g. take g. = E Pj thus en-

2

J
. At the moment,

uring that Pj_gj is roughly speeking a r.v. of Srder N~
owever, we do not make any assumptions about p-p and as a result lemma 2.3
rovides only a formal expansion in the sense that we do not claim that the
‘emainder term is at all small.

The expansion for R*(x,p,g) that we shall establish is




».2h) ﬁ%&p5>=§bbm5>-¢uﬂn{iliﬁiLﬂi<»u>

e Te(g)
. 1(p.-B.) (1-6p . +635)as
tZ — 37 d——dd [ (x-u)“-1] +
(p)

2 2 ~1\2
+ 1 (Z =L \ [(x-u)~-3(x-u)l +
S ( 23/
5P 2()25) z
¢ 2 TRt ) g (nea),
12N2 T (p)

~

lere R is given by (2.10) and

).25) u= b

IMMA 2.3. Let 5 = (51,...,5N) be a vector of real numbers in
»se that positive numbers c,C,8 and € exist such that (2.15)
itisfied and that

2, 26)

len there exists A > 0 depending on N,a,p and D only through
id such that

~

N ~ ~
2.27) sup IR (x,p,p) - R (x,p,p)| <
X

< A{N‘S/h + N‘3/22<p.-£.>21aj13 + N3P (p)-2(3)

00F. Changing the standardization in theorem 2.1 we find

1.28) sup |R"(x,p,p) - R((x-u) %%ﬁ%,p)l A N_S/h.
X

IN




1

ssumptlons of the lemma ensure that T (N)/rz(p) > cC 2, Tg(p)/rg(g) >

Ll < (P03, @)1 s (R0 % ana
-2

’IL\L()!‘C
)| £ ¢ °C. It follows that the derivatives ofR((x- )¥y,p) with respect

o=

2
are bounded for y = cC and all x-u, and hence

) e 22l o) = Flxup) + (e, (2L 1) ()
R ©(B) 11212 (p) .3
+ 3 B, p) (B 12w + o (B 1)?),

ﬁ'(x,p) and ﬁ"(x,p) denote first and second derivatives of ﬁ(X,p) with
. 2 ~~ ~ _1
>t to x. Since (7 (p)—Tz(p))/Tg(p) > -1 + cC 2,

S ) R W o 9 ¢ +;<ﬁgﬁﬁu\2_
2 2@

~
—
)

<

the remainder is of the order of the first term omitted. As K3(5) and

are bounded, we obtain the following one and two term expansions with

1der for KB(p) and Ku(p).

y T{p.(1-p.)(2p.-1) 5. (1-5.)(25.-1)}adq , ~3
- ~y 2 J J J J J J N (p) :
SORICERE 30 &)
= <5(®) + o1 1E ) =E @)+ 0T Ipy, ey 1) -
N 2p)-r? )] 3 LpsBs)(1-65 4637 a
=»<3(p){1--g’—T )'z J+Nzzp 33 p +
°(p) 7 (p)

-2, 2 2,~ ~ 3
+ 0212 (0)-* () 1] 1py5; | o >,

23]+ N“1zlpj-5j|a§).

n (2.29) we may now replace R, R' and R" by explicit expressions and

tute (2.32) and appropriate versions of (2.31) and (2.30). The algebra
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.s straightforward and will be omitted. Combining the result with (2.28) we
*ind that (2.27) holds if a term

/212 ()"

e~ 3 ~ ~
o(N T1p;3;1(las 1 +al) + n (®)1]1p;-5, 11217 +

2, 2 2~

s W2 P (p)-C (3 + N‘5/2(r2(p>-12<5>>2}

.s added to the right-hand side. Here, as well as above, the order symbol

.s uniform for fixed c and C. The lemma is now proved by noting that

-2 ~ 3 . y5/2 3, y3/2 ~ 2 3
N =D 0 <N 07+ N .-D. .
Ilps-p; | 1ayl Lla;l (ps=p5)lasl,

2¢, ~ b _ -5/2¢. 5 -3/2¢  ~ .2 3
N Elpj pila; < N Zlajl + N Z(pj p;) a7,

-5/2, 2 2 ~ o~ 3 _ =3/2p,  ~ 2, 3
N It (p)-1 (p)lflpj p;lla " <N Z(pj pj) las 1= +

+ 0202 (0) 2 (300 sy 1,

212 )-P ()1 + 1 PP (p)-A(3))7 < w2 ?

Nt (p)-1 (p <N _3|T2(

+ N P)—T (5)'3’

3/L

nd that Xlale < ¢ N and X|aj|5 < (CN)S/h, 0

We shall now replace p by P = (P.,...,P._) in R (x,p,p) and take expec-—

1 N
ations. Define the vector w = (w1,...,nN) by

2.33) m. = EP., j=1,...,N;

t will play the role of 5. Furthermore, for ¢ > 0 we let y(z) denote the

,ebesgue measure A of the g-neighborhood of the set {a1,...,aN}, thus

2.34) v(z) = Mx | 3, Ix—ajl <zl

'HEOREM 2.2. Let X1""’XN be i.7.d. with common d.f. G and density g, and
et T,P and m be defined by (2.2), (2.3) and (2.33). Suppose that positive
umbers c,C,8,8' and € exist with §' < min(6/2,c20_1) and such that

N
1 2 1
2.35) N Z a‘j > c, T
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(2.36) y(z) 2 8§ N ¢ for some ¢ = N"3/210g N,
g(X1) \
(2.37) P(e < g(X1)+g(-X1) < 1-8/ > 1-8"'.

Then there exists A > O depending on N,a and G only through c,C,8,8' and

e, and such that

T - Za.”ﬁ. \ ~
(2.38) s;p I P(——;F;TLJl < x/ - ER (x,P,m) | <

3/21

Y Ry TR Y 2,5/217/>
< afr /b [Z{E(Pj—ﬂj)} ] -

-3/2 3,2/3
+ N [yE|%~%|} J

PROOF. We start by showing that a,P and 7 satisfy the conditions for a,p and
5 in lemma 2.3 with large probability.

The number of Pj that lie in [e,1-e] is equal to the number of
g(Xj)/(g(Xj)+g(—Xj)) in that interval. Applying an exponential bound for gi—
nomial probabilities (OKAMOTO [1958]) we find that for 8" e (8',min(8/2,c°C"
(2.37) implies

"y,

2
— "_ '
P(e < Pj < 1-g for at least (1-8")N indices j) > 1-e an(s"-s")

Suppose that e < Pj < 1-e for at least (1-8")N values of j. It then fol-
lows from (2.36) that a and P satisfy condition (2.16) if & is replaced by
2 . . .
§-28" > 0. For n ¢ (0,1), suppose that aj < nc for exactly k indices J and

let ' indicate summation over the remaining N-k indices. Because of (2.35)

=

=1

)
2 1" 2 k(1 ¢t L2 -
Zaj < %-nc + E-Z 8 < ne + Hﬁ5<ﬁ:g ) a.) < ne + <Eﬁ§ C) ,

2 2 -1

2 . - .
and hence the number of aj > nc is at least (1-n) ¢ C N. By choosing n suf-

ficiently small we can ensure that (1—n)2020_1 > 8", This implies that
q-1r2(P) > Z, where ¢ = ((1-n)2c2C_1—6")€(1-€)nc > 0. This in turn ensures
that N_112(n) > N"1ET2(P) > c*, where ¢ = E(1—exp{—2(§"—6')2}) > 0.

Thus we have shown that if c¢,C,§ and ¢ are replaced by positive numbers
:*,0,6—26" and e depending only on ¢,C,8,8' and e, then a and 7w satisfy (2.26)
ind the second part of (2.15), whereas a and P satisfy (2.16) and the first

»art of (2.15) except on a set E with P(E) < exp{—EN(d"—d')z} = O(N—S/h),
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[ence a,P and 7w satisfy the assumptions of lemma 2.3 on the complement of
i. In dealing with the set E it will suffice to note that §*(X,P,W) is
younded since (2.26) and the second part of (2.15) ensure the boundedness
2 kg(1), 6y (1), (15(P)=x"(1))/7°(r) and ZIaj|3/T3(ﬁ). Of course R*(x,P,7),
)eing a probability, is also bounded.

As

T - Za.n. \ %
P(——?(;Tldl <x) =ER (x,P,m),

he left-hand side of (2.38) is bounded above by

* ~%
2.39) E sup |R (x,P,m) - R (x,P,m)].
X

ipplying lemma 2.3 on the complement of E and using the boundedness of
R*(x,P,m) - R (x,P,m)| together with P(E) = 0(n2"%) we find that (2.39) is

(75" 4 5302 5z on 10,1 + 1 E1B () () 1),

there the order symbol is uniform for fixed c¢,C,8,8' and e. Now

(T1a.17)3/,

2/5
| ey

-3/2 2, 3 _ -3/2 2,5/2
N~y E(Pj-ﬂj) la 1" <N [Z{E(Pj-nj) }

2

N'3E1r2(P)-T (n)l3

A

3 3
-3 2 -3 3,1/3 2
e DT PR PPRRRLLEK S

]3/2
|

IA

-3 3,2/3 L 3/2
N [Z{EIPj—njl } (Zaj)

3

5 5/L

mnd since ZIajl < (CN) and Zag < CN, this completes the proof. [

We note that the boundedness of R (x,P,m) on E plays an important role
n the above proof. Because 1(P) may be arbitrarily small on E, this explains
hy we had to remove t(p) from the denominator of the expansion in lemma 2.3
v means of (2.30).

Although theorem 2.2 is formally stated as a result for a fixed, but
rbitrary value of N, it is of course meaningless for fixed N because we do
ot investigate the way in which A depends on c¢,C,8,8' and €. In fact the

heorem is a purely asymptotic result. Let us for a moment indicate depen-




dence on N by a superscript. Thus, for N=1,2,..., consider the distribution

of the statistic T(N) based on a vector of scores a(N) = (agN) (N))
(W)

. Fix positive values of ¢,C,8,8' and € with
N)

9990 9

when the underlying d4.f. is G
' < min(6/2,c20_1). The theorem asserts that if for every N, a(N) and G(

satisfy (2.35)-(2.37) for these fixed c¢,C,8,8"' and e, then the error of the
(M) ()

approximation E ﬁ*(x,P ,T

(=5/% _ =3/4«. . (§) (§).2.5/21%/° _ -3/ (M) () ,3.2/31%2\
O\N + N [Z{E<PJ "Trj )} _I + N ,:E‘{EIPJ -TTj |~} J /

as N » ®, Moreover, the order of the remainder is uniform for all such se-

juences a(N), G(N), N=1,2,... .

Assumption (2.36) may need some clarification. It is clear from the
oroof of lemma 2.2 that the role of conditions (2.16) and (2.36) in theorems
2.1 and 2.2 1s to ensure that the aj do not cluster too much around too few
»oints. Assumption (2.36) is certainly satisfied if for some k 2> 8N/2, in-
exist such that a. =-a. =2 2N_3/2
Jier 94
Jnder condition (2.35) this will typically be the case. Consider for instance

lices j1, j2,... log N for i=1,...,k-1.

ij

j'N)’ where U1'N < U2_N<---<UN_N are order sta-

:istics from the uniform distribution on (0,1) and J is a continuously dif-

;he important case T E J(U

‘erentiable, nonconstant function on (0,1) with th < », Here both (2.35) and
2.36) are satisfied for all N with fixed c¢,C and §. The same is true if
lj = J(j/(N+1)) provided that J is monotone near 0 and 1.

For a large class of underlying d.f.'s G, the right-hand side of (2.38)
.s uniformly O(N_1). Still theorem 2.2 does not yet provide an explicit ex-
»ansion to order Nn1 for the distribution of T since we are still left with
che task of computing the expected value of ﬁ*(x,P,ﬂ). This is of course a
;rivial matter under the hypothesis that g is symmetric about zero and, more
renerally, in the case where, for some n > 0, g(x)/g(-x) = n for all x > 0.
n this case Pj = n(1+n)_1 with probability 1 for all j and an expansion for
’he distribution of T is already contained in theorem 2.1. For fixed alterna-
;ives in general, however, the computation of E ﬁ*(x,P,ﬂ) presents a formid-
\ble problem that we shall not attempt to solve here. It would seem that what
.8 needed, is an expansion for the distribution of a linear combination of
‘'unctions of order statistics.

In the remaining part of this paper we shall restrict attention to se-

uences of alternatives that are contiguous to the hypothesis. Heuristically
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he situation is now as follows. Since g(x)/(g(x)+g(-x)) = %-+ O(N_%), Pj—%'
nd ﬂj—%WﬁJJ.be O(N_%), whereas Pj—nj will be O(N—1) instead of O(N_%) as
efore. In the first place this allows us to simplify E R (x,P,m) consider-
bly as a number of terms may now be relegated to the remainder and functions
£ "j may be expanded about the point ﬂj = %u Much more1important, however,
s the fact that U® = T_1(W)Z(Pj—ﬂj)aj will now be O(N™?) and that we may
herefore expand ﬁ*(x,P,n) in powers of U*. This means that we shall be
ealing with low moments of linear combinations of functions of order sta-
istics rather than with their distributions. We need hardly point out that
. heuristic argument like this can be entirely misleading and that the actu-
1l order of the remainder in our expansion will of course have to be inves-
igated. The unduly complicated form of the remainder terms in the preceed-

ng theorem is, of course, preparatory to such further expansion.

Define

Y a?E(QPj—1)2—h02(Zaij)

2.40) K(x) = o(x) + ¢(x) { 5 x +
2Za.
J
3 L
al(em.-1) a.
+ EL—JL7§Z%7§— (x2-1) + ——2—4%575 (x3-3x)},
3(Zaj) 12(Zaj)

here cd(Z) denotes the variance of a r.v. Z. Carrying out the type of com-
utation outlined above we arrive at the following simplified version of

heorem 2.2.

1EOREM 2.3. Theorem 2.2 continues to hold if (2.38) is replaced by
27 - Ea. \ N Za.(2ﬂ.—1)

| P(———————i < Kix - ——ﬂ———ﬂ———>y

s X -
(232)1/2 ), (§a§)1/2

2.541) sup

9/h
< A{N_5/u + Z{E(gpj-nh}wh + N—B/M[Z{E |Pj_nj|3}h/9] }.

ROOF. The proof of this theorem becomes somewhat shorter if we use a modi-
ication of theorem 2.2 as a starting point rather than theorem 2.2 itself.
e recall that theorem 2.2 was proved by an application of lemma 2.3 for
= m. However, the proof clearly goes through for any other choice of 5

1at satisfies (2.26). Because of (2.35), we may therefore replace 7 in
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(2.38) by a vector p with p = l-for all j. Noting that for this choice of

D K3(p) =0, Kh( = -2N )a / Z 0% T2(P)-T2(§) = —%Z(EPJ—1)2a§, and add-

ing the last two terms in R (x P,p) to the remainder, we obtain

(2T - Ya. ~
(2.42) (———5—77% E o(x-U) +
g Las
+ 5 oe-0) {—l 1) 3000 4
12(2& )
Zau(EP.—T)g () Y a%(2P.—1) ~2
+ x-U) + [(x-U)"=17¢ +
2’ 35232 J

2/5
N 0<N—5/u N N-3/u[2{E(2Pj_1)2}5/2]

3/2 2
N‘3/2[2{E:12% -1?}2/3] T a?(ZPj-1)2]

|
y-3/2 2\
) a 2 E(2PJ—1) )

1

where U = E a 2P -1) Za )?. All order symbols in this proof are uniform for

fixed c¢,C,S§, 6 and e. The remainder in (2.42) may be simplified by noting
that

2/5 3/2
N—3/M{Z{E(2Pj—1)2}5/2} ¥ N‘3/2{Z{E |2p,-1] }2/3} <

IA

N + E{E(sz-1

v w32 4 ofeecee 1),

IA

2
N’3/2E[Z a?(ZPj—1)2] + N_3/2Za§E(2Pj-1)2 <

|

2
< 2N'3/2E[Z ai(sz-1)2] + W32 < o3/ Za?XE(sz-nLL +

-3/2 bi5/b

+ W < 2cC Z{E(QPj-1) } -3/2,

+ (2C+1) N
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-

Define U = 2 aj(Pj—nj)/(Xag)%, so x-U = X-Xaj(2ﬂj—1)/(Xa§)2 - 2U.

y expanding in powers of U under the expectation sign in (2.42) we find

2T - Ja. . Ya.(2m.-1)
2.43) P(——————-‘l < x) = K(X _._J_‘L.___>
(1a2)1/2 (122)1/2
J J
+ O(N_S/h + Z{E(QPJ-UL‘}S/h + Elul®
+ EIUHNT + 11782 29J-1)
+ N—3/2fra |3|2P —1|}>.
T J
ow

N‘3/22|aj|3tzpj-1| N ya + N Ja (2PJ—1)

< N-3/2

N_1E|UI + E!U|3

>2

IN

2
N‘1E|U|Ea§(2pj-1 v /25 4 p3/2 [f (2P, -1 2] <

-3/2 h}5/h -3/2

IA

372 4 gluld + c [{E(2p,-1) + CN

arere the last inequality is based on a bound obtained earlier in this proof.
t follows that the remainder in (2.43) is of the order of the sum of its
irst three terms. The proof is completed by noting that

ElU|>

IN

~3/2 3 . =372l 3,1/30° .
(CN) E[Zla‘jl'Pj_njl:, }' --ﬂj! } l -

IA

-3/2,v_4\3/4[ 3 b9/
(W) (Zaj) LX{E Py=ms 7Y . O

Theorem 2.3 provides the basic expansion for the distribution of T un-
sr contiguous alternatives. In section 3 we shall be concerned with a fur-
1er simplification of this expansion and a precise evaluation of the order

7 the remainder term.




{TIGUOUS LOCATION ALTERNATIVES

lhe analysis in this section will be carried out for contiguous loca-
ilternatives rather than for contiguous alternatives in general. The
11 case can be treated in much the same way as the location case but
nditions as well as the results become more involved. The interested
» is referred to ALBERS [19TL].

.t F be a d.f. with a density f that is positive on R1, symmetric a-
(1)

tero and four times differentiable with derivatives f s 1=1,...,0,
: functions
(i)
£ .
v =3 . i=1,...,4,

ippose that positive numbers e and C exist such that for

- - _ L -
m —6,1‘-1 =3, m _3’mh_1’

"°° m,
SUP{J ly; (xty) | Tr(x)ax : lyl < s} < C, i=1,...,5.

et X 5. X be i.i.d. with common d.f. G(x) = F(x-6) where

1

/
0<eo <N/

me positive C. Note that (3.2) and (3.3) together imply contiguity.

< Z1 < Z2 < eee < ZN denote the order statistics of |X1|""’|XN[ and

be defined by (2.2). Probabilities, expected values and variances un-

2 . .
E, and 0,; under F they will be indicated by

w1ll be denoted by Pe, 5 5

and 02. Define

0
! 3
Ya. 1a3E v, (2.)
Ko() = 0(x) + 3(0) f=h (30 - 0 UL ()
12(,aj) 3(Zaj)

K j 1'%
J
+ 63 Za E [3 3(Z ) 6y (z.)y, (z2.) + (Z >]1
6(1a2)1/2 £7370 Y1 B IA R
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ind
a.E v, (Z.)
3.5) n=-0 ELJL{%—}751—-.
(Zaj)

le shall show that K_(x-n) is an expansion to order N—1 for the d.f. of
2T—Zaj)/(2a§)1/2. The expansion will be established in theorem 3.1 and an
wvaluation of the order of the remainder will be given in theorem 3.2,

Let m(6) denote the power of the one-sided level o test based on T for
he hypothesis of symmetry against the alternative G(x) = F(x-6). Suppose

-hat for some € > 0,

3.6) € <o < 1-g.

3.7) F(8) =1 - Kglu -n) + ¢(u-n) ——— (u>-3u ),
o o 12(Za (¢}

here u, = ®—1(1—a) denotes the upper a-point of the standard normal distri-

ution.

'HEOREM 3.1. Suppose that positive numbers c,C,8 and e exist such that
2.35), (2.36), (3.2) and (3.3) are satisfied. Then there exists A > 0 de-
ending on N,a,F and 6 only through c,C,8 and € and such that

2T - Ja.

3.8) sup |P —L o x\ - K (x-n)| <
x e<<2a§>‘/2 /e
< A{N_S/h + N-3/l¥e3|—2{E | (Z ) E (Z )[3}14/9‘]9/h1
i [4M 0 ¥1t257 = Bo¥qte; 1
3.9) Inl < A,
LaiEv, (2.) ] 1 2 ZaEEOw?(Z ) B
o 2,3/2 - > 0 2 < AN,
Zaj) Zaj
3.10)
63 -1
RN |Ja,E T 2,) = 69, (2,)0,(25) + y(2,)]] < av™,




1 addition, (3.6) is satisfied there exists A' > 0 depending on N,a,F

a only through c,C,8§ and € and such that

~ < ardy5/4 , 3/4.3 3,4/91°/
) |m(e)-m(6)] < A lN + N 6 [Z{EO|¢1(ZJ)—EOw1(Zj)I } | }-

. We begin by checking assumption (2.37). One easily verifies that

9 f(x-6)-f(x+8)
)

1 1
36 Txo)er(xre)| = 3l V1 (5001 + 3lu, (o).

the symmetry of f and an application of Markov's inequality and Fu-

3 theorem yield

/ g(Xx.)

< 1 < - _
Pe\E = g(X1)+g(—X1) < E) - Pe(

v

(78
Pe\JO{’¢1<X1‘t)| + |w1(X1+t)|}dt < 2(1—2€)> >

g
1
" 2(1-2¢) Eefo{|w1(x1‘t>| + lw (X +t) [ ae 2

v

1

0
> 1 - sup E |y, (X +t)].
-2e | Jjgp 0 1T

2

: < 3 and choose &' = 2min(§/2,c C—1). Because of (3.3) there exists

) depending only on ¢,C,8 and € such that for N = NO, 26 £ € and
—2e)c'1/6

', Then (3.2) implies that (2.37) is satisfied for N > NO.

s of course sufficient to ensure that the conclusion of theorem 2.3

'he passage from (2.41) to (3.8) is achieved by Taylor expansion with
't to 6. Since this part of the proof is highly technical and laborious
1 not be given in the body of the text. Instead we refer the interest-
der to appendix 1 where the results we shall need are stated in corol-
1.1, Using parts (A1.27), (A1.31) and (A1.32) of corollary Al.1 toge-
ith the inequality Z{Ee(sz-1)”}5/u < 2E6|2Pj-1|5 we see that (3.8)

0ld if a term

0<ehco(fajw1(zj)) + N"1/2650§(2ajw1(zj))>
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5 added on the right in (3.8). Here, and later in this proof all order sym-

>ls are uniform for fixed c¢,C,8§ and €. Now

oo(Taw, (2)) + /26552 oTesv,(2,)) <

63+e 0 Za w )) + N

IN

_1/263 . N_1/296og(zajw1(zj>) <

< 2037321 4 63 0 Za v, J))],
3 3
oO(Zajw1(zj)) <E IZa ~E ¥, (2 ))I <
3
sf§|a|{E |b,(2.)-E b (2 >|3}”3} <
9/k
< (CN)3/M[Z{E |v,(2)-E v, ( lj u/9} .

1ich proves (3.8). In view of (2.35) and (3.3) it is clear that (3.9) and
3.10) are merely restating parts (A1.28)-(A1.30) of corollary Al.1.

The one-sided level a test based on T rejects the hypothesis if
ET—Ea.)(Za%)_1/2 > ga with possible randomization if equality occurs. Tak-

1g ® = 0 in (3.8) we find that

le power of this test against the alternative F(x-8) is

9/k
) "(8) = 1K, (£ -n) + 0<N-5/u y-3/b 3[Z{E v, ( 2. )-Egu, ( |3 h/9} ).

1 (3.14) we expand Ke(ga—n) around u n- Noting that |gu-uu[ = O(N—1) and
sing (2.35) and (3.10) we arrive at the conclusion that (3.11) will hold if

term
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0(N'Zego§(2ajw1(zj))> = 0(1\1"3 + N-3/26303(Zaj1p1(

is added on the right in (3.11). As we have already shown ea

proof that such a term does not change the order of the rema

the proof of theorem 3.1 is completed. [J
For i=1,2,3, define functions ¥, on (0,1) by

(1),.-1,1+t
| ety L )
1 1 2 f(F_1(l§£))

[HEOREM 3.2. Suppose that positive numbers C and § exist suc
satisfied and that [W%(t)| < C(t(1—t))'h/3+6 for all 0 < t <
:xists A" > 0 depending on N,F and 6 only through C and § an

-3/k4 3 3
N : [Z{E0|w1(zj)-Eow1(zj)l }

For the highly technical proof of this result the reade
;0 appendix 2. Theorem 3.2 follows at once from corollary A2

sendix by taking h = W1.
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EXACT AND APPROXIMATE SCORES

The expansions given in section 3 can be simplified further if we make
artain smoothness assumptions about the scores aj. Consider a continuous
mction J on (0,1) and let U1:N < U2:N < e < UN:N
ics of a sample of size N from the uniform distribution on (0,1). For

denote order statis-
=1,2,... we define the exact scores generated by J by

+.1) a. = a. =EJ(UJ.:N), J=1,...,N,

+.2) a. = a. = J(==), j=1,...,N.

>r almost all well-known linear rank tests the scores are of one of these
70 types. The locally most powerful rank test against location alternatives
[ type F is based on exact scores generated by the function -Y¥

;5 defined in (3.15).

,» where V¥

1 1

So far, we have systematically kept the order of the remainder in our

w7,

tpansions down to 0 From this point on, however, we shall be con-
s:nt with a remainder that is O(N_1), because otherwise we would have to im-
>se rather restrictive conditions. In the previous sections we have also
msistently stressed the fact that the remainder depends on a and F only
1irough certain constants occurring in our conditions, thus in effect indi-
iting classes of scores and distributions for which the expansion holds un-
ormly. As the number of these constants is becoming rather large, we pre-
:r to formulate our results from here on for a fixed score function J and
fixed d.f. F. The reader can easily construct uniformity classes for him-

:1f by using the results of section 3 and tracing the development of appen-

x 2.

IFINITION 4.1. J is the class of functions J on (0,1) that are twice con-

nuously differentiable and nonconstant on (0,1), and satisfy

Ty
+.3) J J (t)dt < o,
0
: J"(t 3
boh) lim sup t(1-t) |5 < =,
0, 1 J't)) 2




ass of d.f.'s F on R1 with positive densities f that are sym-

- f(i)/f’

t zero, four times differentiable and such that, for wi =

-1, 1+t _ - -k -
F( ))3m1-6’m2_3’m3—33mh-.13

2
o m.
lim sup f [v. (x+y)| Tr(x)dx < =, i=1,...,4,
yr0 e ?
\P"(t) 3
lim sup t(1-t) <=,
>0, 1 vi(t)| "2
€ Jand F ¢ F, let
- [ féJu(t)dt 3
Ke(x) = Q(X)+¢(X)1N T3 5 (x7-3x) +
12(fOJ (t)at)
A3y (6)at >
-1/2.°0 1 2 6
- N T 32 (X -1 + =5
3(fOJ (t)dt) 2fOJ (t)dt

1, ., 1.1
-[f J(t)v(t)at -[ I J(s)w{(s)J(t)W{(t)(SAt-st)dsdt]x +
0’0

1.2

117243 1 )
6(s7°(¢)at) J

+ 73 foJ(t)[3W?(t)-6W1(t)WZ(t)+W3(t)]dt

-1/2 f1J(t)w (t)dt N
+ g(x) —L 8 0 ! 23U, )) +
2(r1 5P (t)at) 1/ { féJE(t)dt 3210 J:N
N
-2 ) cov(J(u N),\y1(UJ N))},

)y (t)at (1-1/N 5
32(t)at J1/N

(3'(t))°t(1-t)at +

1

—1/2e IIOJ(t
1 1

fo

1-1/N
-2 f J'(t)w%(t)t(1-t)dt},
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1
fOJ(t)w1(t)dt

~ 1/2
4,10) n=-N"'7¢ s
(137%(w)ar) /2
- ~ 1 féJh(t)dt 3
L.11) m.(8) =1 -K_ .(u-n) + ¢(u -n)N_ (u’-3u ),
1 6,1 o o 12([;J2(t)dt)2 o o

or i=1,2. Then, in the notation of section 3, we have for contiguous loca-

ion alternatives and exact scores

HEOREM 4.1. Let F e F, J ¢ J, 85 = EJ(Uj.N) for j=1,...,N, and let
<9 < CN—1/2, e < a £ 1-e for positive C and e. Then, for every fixed

»F,C and e, there exist positive numbers A, 61, 8 such that

YRR
im 6N = 0 and for every N

2T - Za. \ - -1
h,12) s;p |P6<?§;§377% < x/ - Ke’1(x—n)| < GN N,

2T - Za. N
R 'P9(<za§>”2 x) - K ple ] =

-1 _3/2 (171N 1/2
< 6 N+ AN J [T ()| (]ar(e)] + ¥l (o)) (t(1-t)) "“at,
N /N 1
b 1k) |m(6)-n ()] < 6, W'
4.15) ln(e)-n2(6)| < 8y UL
_3/p [1-1/N 1/2
+ AN { ) |J'(t)|(|J'(t)|-+|w;(t)l)(t(1-t)) at.
1/N

ROOF. For fixed J ¢ J, positive constants c¢,C and § exist for which (2.35)
1d (2.36) hold for all N (cf. one of the remarks following the proof of
reorem 2.2). Similarly, for fixed F ¢ F, (3.2) is satisfied and it follows
aat the conclusions of theorem 3.1 hold with A and A' depending only on

,J,C and €. Also (4.5) ensures that W6

1 is summable and together with (L.6)




he second part of corollary A2.1, this implies that the conclusion of
em 3.2 holds with A" depending only on F and C.

To complete the proof we now apply the results collected in corollary
:0 the expansionsKe(x-n) and 7(6) in theorem 3.1 and then expand these
ions of n around the point n = n, while noting that n-n = O(N-1/2) by
2) and (A2.23). O

In general, the expansions given in theorem 4,1 will not hold if the
scores are replaced by approximate scores aj = J(ﬁiqﬁ, because n - n

then give rise to a different term of order N ', If J =-—W1,however,

clear from corollary A2.2 and the proof of theorem 4.1 that expansions

) and (4.15) are valid for approximate as well as exact scores. Also

= -W1, these expansions may be simplified because F ¢ F implies that

rtial integration

(i , \ ' 1,01 2 2
JOJOW1(s)W1(s)WT(t)W1(t)(sAt—st)dsdt = Z{ W1(t)dt-Z(J ¥ (t)dt)
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ct

(x-n) and 7,(6) reduce to

lLlows that in this case n, K6,2 5

1
) n’ = N1/26(J W?(t)dt)1/2
0

9

)
1.4
* S v (t)dt
* ¢($;§ : { ? ; > [6(X3—BX)+6n*(X2—1)-3n*2x—5n*3] +
(IOT1(t)dt)
12 1-1/N 2
. 12f0w2(t)dt 3 % . 36f1/N (w;(t)) t(1-t)dt
5 5 N Tt T(x-n") + 5 n s
(IOW1(t)dt) IOW1(t)dt
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n*e(u n*) ¢ s lvi(t)at R
+ N { 15 5 [-6(u -1)+3n u +5n "1 +
(r ¥7(t)at)
01
12f;w§(t)dt 2 N 36[}/§/N(W{(t))2t(1—t)dt
- 75 5N =9n (ua—n ) - w }.
(IOW1(t)dt) IOW1(t)dt

te that for F ¢ F, =¥, can not be constant on (0,1) because the

1
=3\ e_xlxl

of the double exponential distribution is not dif-

t zero. It follows that —W1 € J for every F € F. We have proved

Let F € F and let either a. = -EY_(U. ) for j=1,...,N or
J 1 J:N_1/2
for j=1,...,N. Suppose that 0 < 6 < CN
C and €. Then, for every fixed F,C, and ¢, there exist posi-—
im §
A, 61, 62,... such that lim N

N0

2T - Za. \
: |P9<<2a2.>‘/2 A

J

ad € £ a £ 1-¢

1}

0 and for every N

1-1/N
sy W1+ a3/ f (v (£))2 (1)) 2at,
/1
x -1 372 (1= 2 1/2
(6)-r*(8)] < 6, N + AN J (v (£))2(6(1-t)) V2at.

point it may be useful to make some remarks concerning the as-

theorems 4.1 and 4.2. Conditions (k4.L4) and (4.6) ensure that

not oscillate too wildly near O and 1. They also limit the

se functions near O and 1, but in this respect conditions (4.3)
i = 1 are typically much stronger. Together with (L.L4) and

ply that I'(t) = o((£(1-t))™>/*) ana ¥I(£) = o((£(1-£))7T/®)
(cf. the proof of corollary A2.1).

nsions (4.13), (4.15), (L4.19) and (L.20) to be meaningful ra-

t formally correct, even stronger growth conditions have to be

ider, for example, expansion (4.20) and suppose, as is typically




:ase, that W; remains bounded near 0. If W%(t) = 0((1—t)—1) near 1, then

‘ight-hand side in (L4.20) is O(N_1) and the expansion makes sense., How-

,if W;(t) is of exact order (1—t)—1, the expansion reduces to

1-1/N 2
w0 ¢(ua—n*) o / (¥1(£))7t(1-t)at _
m(6) = 1 —@(ua-n ) - o T35 + 0(N )
S ¥ (t)dt
01
ly, if W%(t) ~ (1-t)_1—6 for t ~+ 1 and some 0 < § < %3 then all we have

-1+ .
! 26). Of course, in these cases

in (4.20)'is m(8) = 1-6(u_-n") + O(N
more exact results can be obtained by paying careful attention to the
ior of the extreme order statistics.

We conclude this section with a few applications of theorems L.1 and
The tedious computations will be omitted. First we consider the power

9) and w (6) of Wilcoxon's signed rank test (W) against normal (N)

W,L
ogistic (L) location alternatives G(x) = ¢(x-6) and G(x) =

exp{-(x—e)})_1 respectively, where 6 = O(N_1/2). We find

~

~ né(u -n)
) n(w=nmwm-—i;ﬁ%-f-%ﬁ+

W,N N 5
169 23, ~ _ 103 _2V3 _ m2
*+ (35 39,0 - (55 3 ~ghn t

, 12 arctn V2 ( -1

)5

2 ~~2
-14+u - + +
1 u 2uan n )J o(N

T
~ N\1/2
7= (&), ana
T
n¢(u -n")
-Nn
_ o 2 * %2 -1
)y pe) = 1=l - g el e s o),
* N,1/2
n = (5) /2,
As a second example we consider the one sample normal scores test which
1+U.
-1 1N
3 .= . It
ed on the scores aJ Eo ( 5 ) S power WNS,N(Q) and ﬂNS,L(e)

5t the normal and logistic location alternatives described above satis-




4.23)

here n

L.2k)

here n
1lso ho

roxima

L.ok)

L.25)

here t
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. n*¢(u -n")
= 1-—®(ua-n ) - ———-jj?———_ {—1 + ui +
0™ (1531 (2 () 1) (1)) 1 -1
+ 2 Jo (%) de + o(N ),
6, and
_ né(u_-n) ~
= 1 —@(ua-n) - ——TE%——— {23 - 122 + ui + (2n—5)uun +

+ (72 arctn V2 - 2271 + 1)%2 +

9. We note that theorem L,2 ensures that (L4.23) will
er Waerden's one sample test which is based on the ap-

- +3+ . .
=9 1(gTﬁ:%)). To evaluate the integral in (4.23) and

1

=)

N (2®(x)-;gi;—®(x)) ax = % log log N + % log 2 +

) " (20()-1){x(1-0(x))-¢(x)} _
Olog x ¢(x)dx + fo xz(x) = 220 ax + 0(1) =

>g log N + % log 2 + 0.05832... + o(1),

ult is obtained by numerical integration.




RMUTATION TESTS

In this section we consider distributionfree tests other than rank
, Viz., permutation tests. We limit our discussion to linear permutation

that reject the hypothesis of symmetry if

possible randomization if equality occurs. Here h is a function on R1,

Z.,4+.52 ) denotes the vector of order statistics of |X1I,...,IXN| as

1° N
e and Ea is chosen in such a way that under the hypothesis of symmetry

N
P(i£1 h(X;) 2 € (z)]z) = a a.s.

o

an obvious modification if there is randomization.
3ince (5.1) is equivalent to Z{h(xi)- (-x;)} 2 25@(2) - E{h(zj)+h(-zj)},
sume without loss of generality that h is antisymmetric about the ori-

h(x) = -h(-x) for all x.

1en, under G and conditional on Z, Zh(Xi) 1s distributed as 2Zaj(Vj_§Q
J. as in (2.3) and aj = h(Z.). This means that we can obtain an expan-
for this conditional distribution of Zh(Xi) if we can apply theorem 2.1.

2
rase theorem 2.1 yields an expansion for the conditional 4.f. of

Jider the hypothesis of symmetry, Pj = l-in (2.3) for all j. Hence in

1
)/(th(Z_)>2 that holds uniformly on the set of all values of Z for
h(Zj) satisfy (2.35) and (2.36) for fixed c¢,C and §. If a

I

the aj
*ies (3.6), this immediately leads to an expansion for ga(z). We find
)

(3.13))

I

£ (Z) h (Z.)
i ! 4 2(u3—3u ) + oo/
*  12()n (2)) * @

‘mly on the set Eg where, for fixed positive ¢,C and §, Zhg(Z.) > cN,

J
i) < CN and A{x | 3, lx-h(Zj)| < ¢} = 8Nz for some ¢ > N'3/210g N.
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Next we consider the contiguous location alternatives G(x) = F(x-6) of
zction 3. Under these alternatives, theorem 2.1 yields an expansion for the

onditional d.f. of %{Zh(Xi)-Z(ZPj—1)h(Zj)}/{ZPj(1—Pj)h2(Zj)}1/2 uniformly
1 the set EC where, for fixed positive ¢,C and §, ZP.(1—P.)h2(Z.) > cN,
L 6 J J J
1 (Zj) < CN and MMx | Ej lx—h(Zj)I <r, e < Pj < 1-g} 2 8Nz for some
> N_3/210g N.

Since E. < E,. it suffices to show that P_(E.) = O(N_S/h)
0 ) 6' 6

-5k,

>tain an expansion to O(N for the conditional power given Z of the

in order to

srmutation test. The unconditional power is then obtained by taking the
xpectation. This is done in very much the same way as in sections 2 and 3
>r linear rank tests, the only difference being that now not only the Pj
1t also the aj depend on Z.

This program is carried out in ALBERS [19T7L] for the special case of
1e locally most powerful permutation test where h= —w1 =-f'/f. In theorem
.1 we reproduce a version of this result without further proof. Of course
similar result may be obtained for the general linear permutation test
5.1) with h # Y-

Suppose that F is a d.f. with a density f that is positive, symmetric
out zero and five times differentiable. Define wi and Wi by (3.1) and
3.15) and take h = =, - Let nP(e) be the power of the permutation test

5.1) against the alternative F(x-6) and define

5.5) n;(e) = 1 —@(ua—n*) +
* * 14
n¢(u-n) S ¥ (t)dt
+ & J 0_1 [—6u2—3 + 3u n* + 5n*2] +
RO o
1.2
12f0w2(t)dt .2 . «2
_—‘—12——271 +9(1—uan+n )s
(IOW1(t)dt)

lere n* is given by (L4.16).

[EOREM 5.1. Let F satisfy (4.5) for i=1,...,5 and m, =10, m2=g-, m3=%,
L=%3 m_=1 and suppose that positive numbers C and e exist such that

! 7/

<6 <CN 1/2 and € < o £ 1-e. Take h = B2k Then there exists A > 0 de-

nding on N,F,0 and o only through F,C and € and such that
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In_(6) - n(e)] < an~'",

For F = ¢, we have —w1(x) = x and theorem 5.1 provides an expansion for

the power of the permutation test based on XX against normal shift alterna-

i

tives ¢(x-06) with 0 < 6 < CN—U2 and € £ a < 1-g. We find that this power
equals
2 1/2
ou_¢(u -N "“8)
(5.6) 1 - @(ua—N1/26) - & L + O(N—S/h),

uN1/2

But (5.6) is also the power of Student's one-sided one-sample test for @
against ®(x-6) (c.f. HODGES & LEHMANN [1970]). It follows that for testing
the hypothesis ¢ against contiguous normal shift alternatives for fixed

0 < o < 1, the powers of the permutation test based on XX. and of Student's
test differ by only O(N_S/h) as N » =, In fact, this diffzrence is O(N_3/2}£
-5

since ¢ satisfies the stronger regularity conditions needed to replace N
by y3/2 in theorem 5.1.

The remainder of this section will be devoted to a further investiga-
tion of this rather striking phenomenon. Roughly speaking, we shall show
that for testing any given symmetric distribution against near alternatives,
the permutation test (5.1) is almost equivalent to Student's test applied
to h(X1),...,h(XN) with the correct level of significance for the given
null-distribution. Our proof differs from the one outlined above in that we
do not use power expansions to establish the near equivalence of the two
tests. Instead, we show that the critical regions of the tests are almost
identical. This more direct approach has the additional advantage of pro-
viding a simple explanation of our result.

Let F be the d.f. of a distribution that is symmetric about zero and
consider the problem of testing the hypothesis that XT""’XN have d4.f. F
against the alternative that they have another d.f. G. For this testing
problem and an arbitrary h satisfying (5.3) we compare the permutation test
(5.1) with Student's test applied to h(X1),...,h(XN) that rejects the hy-
pothesis if

Ih(%;)

(5.7) T = (1-n ) 1/2 5 g
[Zhg(xi)-N"1(Zh(xi))211/2 *
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ith possible randomization if equality occurs. Here ta depends on o,h,F

nd N and is chosen in such a way that the test (5.7) has level a.

HEOREM 5.2. Suppose there exist positive numbers c,C,e,n,61,62,... with

. - -1 .
im GN =0 and m > 8, such that hF ! and hG  are monotone and differen—
00

<able on intervals I and Is of length at least n where

()] 2 e, | Zn@ @) 2 e,

5.8) |=— n(F Em

nd such that € < a < 1-e, and

IN

5.9) f In(x) Par(x) < c, j h(x) 1Ma6(x) < C,

5.10) |J n2¥ (x)ar(x) - { hgk(x)dG(x)l < 8y for k=1,2.

hen there exist A > O depending on N,F,G,h and a only through c,C,n and e,
nd B8 > 0 depending only on m, such that the powers of the tests (5.1) and
5.7) for F against G differ by at most A(N—B+6N)N—1.

(P)

ROOF. We denote probabilities and expected values under G (F) by PG P

nd E. (EF). By (5.9) and (5.8) we have
2 2 I 1/2 2/m
5.11) cG(h(X1)) < EGh (X1) < [EGh (X1)] <c ',
2 n/2 2 “n3
5.12) GG(h(X1)) > 2[0 (et)"at = TR

o that these moments are bounded away from O and «. For positive integer
< L4, Markov's inequality, the Marcinkievitz-Zygmund-Chung inequality
CHUNG [1951]) and (5.9) yield

B, 1T (0" (x, )-B " (x,)) I™/E

5.13) P (1T (n5 (X )-E b5 (X)) ] = ) < =2 G <
G z G i (TN)m/k
< B_( 21\1)'m/(2k)EG|hk(X1)-Eth(X1)im/k < Bmc(fom/km'm/(2k),
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where Bm depends only on m., Choose

(5.1%) & =min(Zog, ).

Taking T = N~ in (5.13) and using (5.3) we find that

(5.15) ¢ a5z =3 I7Nx) = BRTNx) o), k=12,

(5:16)  § 3205 - |3 Inxp) | = 2nix )+ o),

uniformly on a set with probability 1 - O(N_1—B) under G.

Assumption (5.3) implies that
1
AMx | 3, Ix—h(Zj)I <chzoMx |3 lx-h(X. )] < ¢},

and under G the right-hand side is distributed like

1, ; -1
x| 3, |x-n(G (Uj:N))I < t¢l,
where U, o < ... < Up . are order statistics from a uniform distribution
on (0,1). Now for n > 1
N! J-1 n-1 N-j-n
- < = - -
PUs Yy < %) f f G- (a-1) f(m—gnyis”  (Bms) (1-t)7e Tdsdt <
O<s<t<1
t-s<z
-1 . . n-1
(Nz)" (N-n+1)! 3=1 N-j-n (Nz)
< - - =
SR CEDE G- -gyes (=807 nasde = e
O<s<t<1
1.=3/2

Taking n=6 and z = 2¢ N log N we see that

-1 -3/2 N
P(U6(k+1):N_U6k:N >2c N log N for all 1 < k < [6]-1) >

1.=1/2

> 1 - g(Zc— N log N)5 =1 - O(N_1_8).
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3/2

'ogether with (5.8) this implies that for ¢ = N ~/“log N

5.17) Mx | EJ. |X—h(Zj){ <z} = ';"T]NC
ith probability 1 - O(N ' ~P) under G.

Now (5.11), (5.12), (5.15) and (5.17) ensure that expansion (5.4) holds
with P (E.) = o(n~ "™B)

0 G0
ion by using (5.11), (5.12) and (5.15) once more, we arrive at the conclu-

niformly except on a set E . Simplifying this expan-

ion that the power against G of the test (5.1) is given by

5.18) m.(G) =P

ere the first remainder term depends on Z but may now be taken to be uni-
ormly O(N_1_B). '
. . 2 . . . .
The inequality Zh(Xi)/(Xh (Xi))1/2 > g is algebraically equivalent with

Ln(x;)
2 -1
[Yh”(x, )0 ()n(x;))

> a
2.1/2 2
:I (1_8‘_
N

)1/2

n the set where Zhe(Xi)—N—1(Zh(Xi))2 # 0 and provided that a2 < N. We may
pply this to (5.18) in view of the condition € < a < 1-g¢, (5.11), (5.12)

nd (5.16). At the same time we may replace E, by E_ in (5.18), and by (5.10)

G F
his only involves adding O(GNN_1) to the first remainder term in (5.18). In

his way we obtain

5.19) m,(G) = P (E sy s T (w30 ) + 0(——1)) +
P G Y 2N 12N(EFh2(X1))2 a2 T a /]

o8y,

~

nere T is the statistic in (5.7).

By (5.11), (5.12) and (5.16) we have for B > 0,




Lo

T8

(5.20) sup PG(t < T < t+BN (N~ +6N)) <
t
< / < m < -1 _B \ _1-8
< sgp PG\t < OG(h(X1)) < t+2BN (N +5N)/ + (N ).

Now (5.8) ensures that under G the distribution of h(X1) has an absolutely
continuous part; in fact, this distribution may be written as a mixture Q =
= n§1 + (1—n)§2 where 51 is an absolutely continuous distribution with den-

sity a1 < (cn)—1. Moreover, (5.9) and Markov's inequality imply that

51([—C1,C1]) 2'%- here C, = max(1,(20/n)1/8). It follows that Q = (n/z)Q1 +
+ (1—n/2)Q2 where QT([—C1,C1]) = 1 and Q1 is absolutely continuous with den-
sity q, < ¢, = 2(cn)_1.

Let o4 be the c.f. of Q1. Obviously, for any fixed t # O, |p1(t)| <
< |51(t)| where 51 is the c.f. of the distribution with density

n

c fory e U [-C, + gEE, -C, + EEEiEEJ
1 k=0 1 It 1 [t

q1(y) = <

LO elsewhere,

with n = [C1|tl/w] and (n+1)c12£/[t| = 1. An easy calculation yields
lo,(t)] = (sin €)/g; for |t| 2 n/C, we have £ 2 m/(ke C.). It follows that
there exists b > 0 depending only on n,c and C, such that the c.f. of h(X

)

under G satisfies

ith(X1)

(5.21) IEG e | £ 1-p for |t| = .

Becausejof (5.9), (5.12) and (5.21) the d4.f. of

-1 -1
9 (h(X1))N ‘ z(h(xi)_EGh(Xi)> under G has an Edgeworth expansion; uniformly

for all G satisfying (5.8) and (5.9) for fixed c¢,C and n, the derivative of
this expansion is bounded and its remainder term is O(N—S). Applying this
result and (5.20) to (5.19) we find

B

(5.22) nP(G) =P (T > %a) + O(N_1(N~ +6N))

G

uniformly for fixed c¢,C,n and e, where
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c?
]
c
+

I

o

[
w
o

5.23)

Let t  be as defined in (5.7). Since F satisfies all assumptions im-

osed on G, (5.22) will hold under F as well as under G. We have 7_(F) = o

pf

nd hence %a = tg where |o-o]| = O(N_1(N_B+6N)) uniformly for € < a < 1-g,
ut of course also uniformly for g-s o < 1—%: Because ta is decreasing in
and %a has a bounded derivative with respect to a for-g < a < 1-?, it fol-
ows that
5.2k4) t =% 4o (wPes, )
o o N

niformly for € < o < 1-e. In view of (5.22) and the preceding part of the

roof this implies that

5.25) m(6) = B (T >t ) + O(N“(N'B+5N>)

niformly for fixed ¢,C,n and e. This completes the proof. [

It may be useful to comment briefly on assumption (5.10) in theorem
.2. Of course this assumption is satisfied for a sequence of alternatives

q that tends to F in an appropriate manner. It is easy to see, for instance,

hat if the sequence GE is contiguous to FN, (5.9) implies (5.10) with GN =

O(N_1/2). Similarly, (5.9) will imply (5.10) for some sequence Sy = o(1)

f h is continuous and GN converges weakly to F.




. DEFICIENCIES OF DISTRIBUTIONFREE TESTS

Let F be a fixed d.f. with density f that is positive, symmetric about
ero and five times differentiable. Consider the problem of testing, on the
asis of X1""’XN’ the hypothesis G = F against the alternative G(x) =

F(x-6) at level a. For any particular 6, the maximum power ﬂ+(e) is attain-
d by the test based on the statistic 2{log f(Xi-e)—log f(Xi)}' This statis-
ic is a sum of i.i.d. random variables and therefore its 4.f. admits an
dgeworth expansion under the usual conditions. By expanding the cumulants
f the statistic ALBERS [19T7L4] obtains an expansion for n+(
3.15) and take

8). Define Y. by

5.1) TTe) = 1 - @(ua—n*) +

* * 14
n ¢(ua-n ) { IOW1(t)dt

T2N

+

15 > [3(u§-1)-3n*ua+2n*2] +
(IOW1(t)dt)

3/ vo(t)at 0

n o= 9[(u§—1 )—n*ua]J',

(t)dt)2

1
0
1
(fow

— NN P

1ere n* is given by (4.16). Lemma 6.1 is a version of Albers' result.

iMMA 6.1. Let F satisfy (4.5) for m, = 5/i, i=1,...,5, and suppose that
E— 1
)8itive numbers C and e exist such that 0 < 6 < CN 2 and € < o € 1-e. Then

lere exists A > 0 depending on N,F,0 and o only through F,C and € and such
at

(0)-7F(8)| < an~3/2,

For the same testing problem theorem 4.2 provides an expansion for the
wer m(6) of the locally most powerful rank test. Together, theorem 4.2 and
mma 6.1 will enable us to find the deficiency dN of the locally most power-
1 rank test with respect to the most powerful parametric test. To ensure
at F satisfies the assumptions of both theorem 4.2 and lemma 6.1, we re-

ire that F € F1, where
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JFINITION 6.1. F1 is the class of d.f.'s F on R1 with positive densities T

\at are symmetric about zero, five times differentiable and such that (k4.5)

; satisfied for i=1,...,5 with m, =6, m2=3, m3=5/3, mh=5/h, m = 1, and
ich that (4.6) holds.

iwrthermore, define

1.4

1 { S Y. (t)dt 5
(

2 * *
5 [3(ua—1)-2n u-nJ+

, ~ 0¥1
i.3) = -
dy = 72 f;wf(t)dt)

1.2
3/.¥7(t)dt
+ 22 08 = 30(uP-1)-en*u ¥

th n* as in (L,16).

[EOREM 6.1. Let dy be the deficiency of the locally most powerful rank test
‘th respect to the most powerful parametric test for testing G = F against

x) = F(x—e? on the ba§is of Xise-esXy and at level a. Suppose that F ¢ F1

d that cN ?

xed F,c,C and e, there exist positive numbers A, 61, 62,... such that

<8 <CN %, ¢ <a < 1-e for positive c,C and e. Then, for every
m . =0 and for every N

1 (1-1/N 5 X
f (v;(t)) (t(1-t))%at.
1/N

18 result continues to hold if the locally most powerful rank test is re-

aced by the rank test with the corresponding approximate scores a

~v, (3/(w1)).

O0F. As F1 c F, the remark following theorem L.2 shows that

Nh/3-v)

(t(1-t))Yat = of for v=1,3.

1-1/N 5
.5) f -

(¥ (£))
1/N

. . + .
eorem 4.2 and lemma 6.1 provide expansions for w(6) and 7 (6). In view of
1

2

.5), the boundedness of u, and the fact that ¢ < N°6 < C, it is clear from




N1/3). To find dy we replace N by N+d.

(1+dNN_1)2 in the expansion for mw(8) and equate the result to the ex-

expansions that d = o and 1"
1

+ . . - . .
on for m (). Taylor expansion with respect to dNN ! in (4.18) yields

n*o(u -n") Sy (t)at

2m€ {12dN * (

2 * *2
> [—3(ua-1)+2n u +n ]+

O =0 =

S ¥ (t)at)

2 —
3fgw2(t)dt 0 5 . 2 12f1/&/N(W;(t))2t(1—t)dt
- T 10 50+ 3(u-1)-6n"u +3n" - 12
(IOW1(t)dt) IOW1(t)dt

1-1/N

(v1(£))2(6(1=8))2at) ,

= o) + O(N‘3/2f :

1/N

mly for fixed F ¢ F1, ¢, C and €. As n*¢(ua—n*) is bounded away from
(6.4) follows. The last assertion of the theorem is an immediate con-

ice of theorem L,2. [

Jbviously (6.3) and (6.4) imply that under the conditions of theorem 6.1

([T wren?
=0 f (v1(t))"t(1-t)at)
dy .

{(t))et(1—t)dt converges.

lately, in most cases of interest theorem 6.1 provides more detailed in-

+ . Hence d remains bounded as N > « if f;(w

.ion than (6.7) and remarks similar to those following theorem k4.2 ap-
1
1

e determined by the rate of growth of w{ near 1. If W;(t) = 0((1—t)_1)

~ . -1
» then d = dN+0(1). If W{(t) is of exact order (1-t) ', then

'ypically ¥.! will be bounded near O and the asymptotic behavior of dN

f;“/N(w;(t))et(1-t)dt
dy = T2 + 0(1)
fow1(t)dt

{(t) ~ (1-t)"1'5 for t - 1

me O < § < 1/6, then the expansion (6.4) reduces to dN = O(Ned), which
hing but (6.7).

. will be of the order log N. Finally, if V¥

'e shall give two applications of theorem 6.1. First we consider the
m of testing the hypothesis G = ¢ against the alternative G(x) =

1 -1
6), where cN 2 < 6 < CN 2, Let dN be the deficiency of the normal
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ores test (or van der Waerden's test) with respect to the most powerful

rametric test based on X. Computations similar to those in section 4 yield

-1, 1
* (=38 (2o(x)-1)(1-0(x))
o(x)

.8) ay = %(ui_n + [ ax + 0(1)

= 3log log N + %(ui-ﬂ + 2log 2 + 0.05832... + 0o(1).
this case dN ~ %log log N + » for N - », Note that there is no dependence
® in this expansion for dN and that the leading term is also independent
a.

As a second example we take the logistic d.f. F(x) = (1+e~x)—1 and con-
der the testing problem G = F against G(x) = F(x—bN_%),.where b >0 is
xed. Now dN is the deficiency of Wilcoxon's signed rank test with respect

the most powerful parametric test for this problem. We find
.9) = 2L {18+12u"+hy3bu +b7} + o(1)
dN 60 a a

d here dN tends to a finite limit for N - o,

Having shown that the deficiency of a distributionfree test with res-
ct to the best parametric test may tend to a finite limit, we now address
rselves to the intriguing question whether this limit can be zero. To an-
er this question we first have to decide what is meant by the best para-
tric test. So far, we have compared the performance of a distributionfree
st with that of the most powerful parametric test for known scale against
simple location alternative, thus in effect comparing with envelope power.

course this comparison is not quite fair. Computed in thié way, the de-
ciency of a distributionfree test reflects the losses incurred by using

) the same test against every location alternative 6 > 0; (ii) a scale in-
riant test; (iii) a distributionfree test. Since our main interest is the
ficiency due to (iii), it is more appropriate to compare with the uniform-
most powerful scale invariant test, if such a test exists. Unfortunately,
variant tests are in general rather intractable, the main exception being
udent's test for the normal location case. We note that HODGES and LEHMANN
970] have shown that the deficiency of Student's test with respect to the
st powerful parametric test based on X tends to a finite but positive 1li-
t, so that it does indeed matter whether one compares with Student's test

with envelope power.




Jle are thus led to consider the normal location case with Student's

1s the best parametric test. To establish the existence of a distribu-
‘ee test with deficiency tending to zero, the obvious candidate is the
;ation test based on z Xi' Theorem 6.2 is an immediate consequence of

m 5.1 and the remark following it.

M 6.2. Let dy be the deficiency of the permutation test based on ) X,
'espect to Student's test for testing G = ¢ against G(x) = @(x-6) on the
of Xyoee e s Xy ?nd at Zeve? a. Suppose that positive numbers c,C and e
such that cN ° < 0 < CN 2 and € < a < 1-e. Then there exists A > 0 de—

g on N,0 and o only through c,C and € and such that

dy < AN"VM.

ence in this case we do find that dN tends to zero for N - «, Perhaps
st surprising thing about this example is that asymptotically one has
" a certain price for scale invariance, but that once this price has
aid, there is no additional penalty for using a distributionfree test.
e that the remark following theorem 5.1 implies that (6.10) may be re-
by dy < AN C.

heorem 6.2 may of course be generalized considerably by taking theorem
r h(x) = x as a starting point instead of theorem 5.1. For dN as 1n

m 6.2, it is clear that dy = 0(1) for a much larger class of testing
ms than the normal location problem of theorem 6.2. Although Student's
s generally not optimal for these problems, this shows how closely the

sts resemble one another.




bt
EXPANSIONS AND DEFICIENCIES FOR RELATED ESTIMATORS

Let T = T(X1,.,.,XN) be given by (2.2) and suppose that the scores 8

e nonnegative and nondecreasing in j=1,...,N. Define the statistic M by

nol=

1) M(X 5000, Xy) = 2 suplt @ 2T(X =t,. .., X ~t) > Zaj} +

+

ol

inf{t @ 20(X =t,. .0, X-t) < Xaj}.

ppose that X1,;..,XN are i.i.d. with common d.f. G(x) = F(x-p), where F
s a density f that is symmetric about zero. Then M is the midpoint of the
terval between the upper and lower 0.5 confidence bounds for u induced by
e statistic T. HODGES and LEHMANN [1963] proposed M as an estimator for u
i studied its connection with T. They showed that the normal approximation
the power of the level 3 test based on T for contiguous location alterna-
ves could be used to establish asymptotic normality of M. We shall show
at, similarly, power expansions for level 3 yield expansions for the d.f.
N%(M—u). We restrict attention to the case where the scores are generated
a smooth function J.

Let J and F be given by definition 4.1, let m(6,3) denote the power of
= level 3 right-sided test based on T against the alternative F(x-6) and

fine K. . and n as in (L4.8)=(%.10).
0,1

EOREM 7.1. Let F ¢ F, J € J, suppose that J is nonnegative and nondecreas-—
- 1

g and let 8, = EJ(UJ"N)' Take 6 = EN 2. Then, for every fixed J,F andC >0,
1 -
2) sup [P (NE(Men) <€) - m(8,3)] = oY),
e
1 ~ -
.3) sup B (NF(M-p) <€) - {1-K, (-} = o),
lgl<c  F ’
1 ~
i) sup |P (N®(M-u) < &) - {1-K, (-n)}| =
HE. 8,2
1-1/N

= o(n"1) + 0<N'3/2 J |71 (e) | (|3 (+)] +|w;(t)]>(t<1-t))%dt>.

1/N

JOF. It follows from HODGES and LEHMANN [1963] that M is translation in-
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variant and that its distribution is absolutely continuous and symmetric

1
about u. Thus, for 6 = EN 2,
1
(7.5) Pu(Na(M-u) <g) = Py(M 2 0),
and, in view of (T7.1),

(7.6) P (2T > Zaj) < Pg(M20) <P (2T 2 Zaj).

8

According to the proof of theorem 4.1, the conclusions of theorems 3.1 and

=

3.2 hold, which implies that PS(ET = Zaj) = O(N_s/h) uniformly for |6]| < CN
This proves (7.2). The remaining part of theorem 7.1 is now an immediate con-

sequence of theorem 4.1. [J

The case where J = —W1, with W1 as in (3.15), is of course of special
interest. Theorem T.2 deals with this case for exact as well as approximate

scores. Note that for F ¢ F, the condition that -¥, is nonnegative and non-

1
lecreasing is equivalent to concavity of log f, i.e. to strong unimodality

of f.

(HEOREM T.2. Let F € F, suppose that f is strongly unimodal and let either

= - 1= = - o 1=
s EW1(UJ:N) for j=1,...,N or 8 W1(N+1) for j=1,...,N. Then, for every
“2xed F and C > 0,

7-1) swp [P (0F(ww) < £) - n(en R0 = oY),
lgl<c ¥
1 1
7.8) Pu<(NfoW?(t)dt)§(M—u) < x) = ¢(x) +
1 4 1 2
, x8(x) {XZ[ 5/¢, (t)at ) 127 ¥, (t)at . 9] .
TN (I1W2(t)dt)2 (I1W2(t)dt)2 ]
01 01
Srgriae 360 M) Patinas +
(f;‘lf?(t)dt)2 f;w?(t)dt f

L 1=1/N :
w o)+ o2 Va0 (e(1-0)) )

1/N




Lformly for |x| < C.

)OF. The proof of (7.T) is identical to the proof of (7.2) in theorem 7.
sansion (7.8) follows from (7.7) and theorem 4.2. [

The estimators in theorem 7.2 are efficient and their natural competi

¢ 1s the maximum likelihood estimator M' which solves

9) b, x1) = 0

no~—=

J=1
:h w1 as in (3.1). The performance of M' is connected with that of the
:ally most powerful test for F against F(x-6), which is based on the sta
stic —2w1(Xj). Let 7'(0,3) be the power of the level 3 right-sided test

sed on —Zw1(Xj) for F against F(x-6).

MA 7.1. Suppose that f is positive, symmetric about zero and strongly
‘modal and that (4.5) is satisfied for mi==5/i, i=1,...,5. Then, for eve
ced F and C > 0,

10) Sup 2 r-n) <€) - w (e = oY),
£]<C

1 :
1) Pu<(NJ v2(t)at)d (Mron) x) = a(x) +

0
1L 12
, xo(x) {Xg[ 5/ ¥, (t)dt i 127 ¥, (t)dt . 9] .
U LR wee)® T o lRman?
1
3/.¢,(t)at
01 -3/2
- (W2 (6)at)2 + 9} + O(N )
01

formly for |x| < C.

I0OF. The estimator M' is translation invariant and its distribution is
1
metric about u. Thus, for 6 = gN °, (7.5) holds with M replaced by M',

| in view of (7.9),

12) Pe(—§w1(xj) >0) <P (N%(M'—u) <g) < Pe(-2¢1(xj) > 0).
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Since f is everywhere positive and ¢1 is everywhere differentiable, the dis-
tribution of w1(X1) under 6 contains a fixed absolutely continuous component

for all 6 in a neighborhood of zero. Together with (4.5) for m, =5, this en-

1
sures that the d.f. of Zw1(Xj) under 6 possesses an Edgeworth expansion with
1

remsainder O(N_3/2) uniformly for |6| < CN 2. This implies that Pe(—zw1(X.)=O)
= O(N_3/2) uniformly for |6] < CN_%, which proves (7.10). !

The expansion for the d.f. of 2¢1(Xj) is used in ALBERS [1974] to estab-
lish an expansion for the power of the locally most powerful test under the
conditions of lemma 6.1. Specializing to the case where a = 3 and using

(7.10) we obtain'(7.11). 0

There is no unique natural measure of scale to assess the performance
of an estimator 1 admitting an expansion of the form (7.8) or (7.11). One
possibility is to consider a family of measures determined by the quantiles
of {i. We can define o(i{l,s) to be the s-quantile of (ji-u) divided by w, =
= ®_1(s). As we are only considering estimators that are distributed sym-
metrically about p, o(fl,s) may serve as a measure of scale for any % < s < 1.
If we fix a value of s, we can define the deficiency DN(S) of a sequence of

sstimators {ﬁ2 N} with respect to an estimator {I by equating o
2

1,N iy ,N+DN’S)
and 0(ﬁ1’N,s), with the usual convention that ¢ is determined by linear in-
terpolation for nonintegral values of N + DN. Similarly, for two sequences
of level o tests, dN(a,s) will denote the deficiency as defined in section

1 for the case where the alternative 6 is chosen in such a way that the com-
non power equals s.

Let F1 be given by definition 6.1.

[HEOREM T.3. Let dN(%,s) be the deficiency for level 3 and power s of the
locally most powerful rank test with respect to the locally most powerful
‘est for testing F against F(x-8). Let DN(s) be the deficiency of the Hodges-—
sehmann estimator associated with the locally most powerful rank test with
respect to the maximum likelihood estimator for estimating w in F(x-u). Sup-
ose that F € F1 and that f s strongly wnimodal. Then, for fixed F and

p < s < 1,

7.13)  [pgle) - ay(3,s)| = oY,
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f};g/N(W;(t))et(1—t)dt i)

:
.1h) D (s) = - =
N f;wf(t)dt b

v (t)dt

+

1
(t)at)® M

Y

—_ |- =

1
0
1
0

(-3 1-1/N ' 5 ) !
+0(1) + O\N [1/N (w1(t)) (t(1-t)) dt).

ts result continues to hold if in the locally most powerful rank test and
2 associated estimator, the exact scores are replaced by the approximate

= _y (=<
ores za.‘j W1(N+1)'

JOF. The conditions of theorem 7.2 and lemma T.1 are satisfied. Writing

and M& for M and M', we see that for some g

o=

(i-u) < £) = s + 083

5

.15) PU(N

16) PU(N%(MN+dN—u) cg) = s+ 0,

the remark following theorem 4.2 we have W%(t) = 0((t(1-t))—7/6) near 0
1 1, and combining this with (7.8) and (7.11) we find that (7.15) and

.16) imply (7.13). The proof of (7.14) is now the same as that of theorem
1. 0O

An interesting property of the expansion (7.14) is that it is indepen-
1t of s. Thus, to the order considered, the deficiency DN(s) is asymptoti-
lly independent of the particular choice of the quantile used to measure
> performance of the estimators. Of course, this reflects the fact that
> deficiency dN(%,s) is independent of the power in the same asymptotic
1se. Algebraically, the reason for this phenomenon is that the term in-
lving x3¢(x) is the same in (7.8) and (7.11).

We also note that upon formal substitution of o = 3 and 6 = 0 in (6.3),

(s) in

(s)

> expansion for dN in theorem 6.1 reduces to the expansion for DN

sorem 7.3. This shows that if the remainder in (T7.14) is 0(1), then Dy;
11 tend to a nonnegative but possibly infinite limit.

In section 6 we have already pointed out that an expansion like (T7.14)
7 or may not be of interest, depending on the behavior of the remainder
'm. We should stress that, even if the expansion (T7.14) is useless, (7.13)

111 establishes the asymptotic equivalence of DN(s) and dN(%,s).
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APPENDIX 1. EXPANSIONS FOR THE CONTIGUOUS CASE

Our purpose in this appendix will be the Jjustification of the passage
from (2.41) to (3.8) under the assumptions stated in section 3. Thus we
shall suppose throughout that f is positive and symmetric about O and that
z2(x) = f£(x-0).

Begin by defining a function &(x,t) for x > 0, t > 0, by

(A1.1) F(g(x,t)-t) + F(&g(x,t)+t) = 2F(x).

Introduce also two other functions of two variables, p and 5, by

f(x-t ,
(a1.2) p(x,t) = f(x—tgff(i+t)
(A1.3) p(x,t) = p(E(x,t),t).

The basic property of the function & is, of course, that the joint dis-
sribution of (g(zi,e),...,g(zN,e)) under F is the same as the joint distri-

>ution of (Z1,...,Z ) under G. It follows that the joint distribution of

N
[p(Z1,6),...,p(ZN,8)) under F is the same as the joint distribution of

’

\P1,...,P ) under G. It is evident therefore that our task is essentially

N
chat of expanding p(x,t) around O as a function of t and giving suitable
:stimates of the remainder terms. We begin by differentiating formally. For
:onvenience we shall, for any function of two variables q(x,t), write

i+

.(X,t) = _al_ﬂ.z-_t.l .

q. . .
1sd axtatY

Differentiating (A1.1) with respect to t we get

‘A1.L) £ q = 2-1.
[t is now easy though tedious to obtain 50 j(x,t) in terms of the _
~ ’
o k(E(x,t),t) by replacing EO 1 by 2p-1 after each differentiation. Thus,
b 5
“or example,

A1.5) By 4(xt) = [py j+py o(20-1)1(E(x,t),1),




~ 2
6) po’g(x,t) = Epo,2+2p1’1(2p-1)+p2’0(2p—1) *2P1 oPp,1*
2
+2p; (2p-1)1(e(x,t),t).
9

Calculation of the D, ; is also tedious. Again we list the first few.
9

ne
7) W (xt) = o (x=t), S (x,8) = g (x4t),
=y = f(k)/f as defined in (3.1), and let

3) e (nt) =y (B(xe)-t), i (x,t) =y (E(x,0)+t).

9) p0,1 = 'P(1'P)[1§U1+2w1]a p-]’o = P(1‘P)[1¢1'2¢1]s

_ R 2 .
2 2

p1 1 = P(1‘P)[—1¢2'2¢2+2P'1W1+2(1—P)2¢1]a
2 2

Substituting (A1.9) and (A1.10) into (A1.5) and (A1.6) at t = 0 and

oying similar manipulations with the third order derivatives we obtain
1) B(x,0) =3, B, ((x,0) = - T (x)
? 2° 0,1°7? 271 ?

(x,0) = 0, (x,0) = = Zu,(:)43p, (2D, (x) 242 (x).

Pg,2 Po,3

>ver, from (A1.9), (A1.10) and the boundedness of p it is easy to see

constants b1 and b2 exist such that

2
7 ~ ~ ~2
Ii¢1|’ |p0,2| < b2 iz1 {Iiwgl + iw1}-

12) | < b

I ~110

Py 4 1

1=1
larly bounding first the 1T and expressing EO ; appropriately, and
9 9

ting the inequality |ab]| < r"1Iea,lr+s_1Ibls,1>c'_1+sn1 = 1, we obtain
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for suitable b3 and bh

2
(A1.13)  Ipy gl = by T Uhugl + 1y,

2
~ ~ ~ L4/3 ~2 ~l
< . + . . + . o
Boul =2y L Uil + 15312+ 0+ 0
We need the following application of Taylor's formula with Cauchy's
form of the remainder.

EMMA A1.1. Let q(x,t) be a function of two variables possessing derivatives

of order < k+1 in t in a neighborhood of 0. Then if S is any r.v. and m 2 1,

k

m
‘A1.1L) E |q(S,t) - ) q. .(8,0) 5] =
j=0 O)J J‘

l' k+19m m
————! sup{E |q (s,vt)]|” : 0 < v <1},
L ! 0,k+1

Suppose moreover that for j=0,...,k, Eq. .(S,0) exists and is finite. Then
pp 0,3

, K (T
A1.15) B |[{a(S,t)-Eq(s,t)} - jzo ta, 5(8,0)-Bqy 5(5,0)} 57| =<

v < 1},

IA

< o lElEil-m sup{E | (s vt)]m : 0
= (k+1)! do,k+1'" '

>ROOF. We have (cf. DIEUDONNE [ 196071 p.186, TITCHMARSH [1939] p.368)

k+1 1

A1.16) (s,t) = }f (5,00 £+ [ ety (1o0)¥ (s,vt)d
. . g\, = s&o qO,,j s ! (k+1)! JO -V qo’k+1 sV v

srovided that the integral converges. Hence the left-hand side of (A1.1k)

.8 bounded by

m

k+19m 1
{g£l1)!} E |fo(k+1)(1—v)kqo’k+1(s,vt)dv] .




obviously remains true even if the integral diverges for some values of
1 application of Ljapunov's inequality and Fubini's theorem complete the

> of (A1.14) and a similar argument disposes of (A1.15). [

Note that by using the same device one can show that the left-hand
of (A1.14) and (A1.15) is o(ltlmk) for t - 0 if q is k times continu-
- differentiable and

(s,8)|™ =& |q. ,(5,0)|™.

7) 1lim E |q lag

>0 0,k

urse (A1.17) holds if a4 k(S,-) is continuous at 0 and
’ H

m+§

8) sup{E |qO,k(S’t)l [t] < 6} <

ome § > 0.

We introduce two final pieces of notation. If 4 ...,dN is a sequence

1’
mbers we write

1 §
9) lall = = la.].
N 5=1 J

is a function of one variable and ¢ > 0 is fixed we define

0) xIl = sup{f Ix(x+y) I£(x)ax : |yl < e}.

EM Al1.1. Suppose that f is four times differentiable and that

8 <e. Then 2f r 2 1, rlas7) = 1, there exists a numerical constant
h that

N

N
1) 21 aj(2nj-1) =-9 321 a; By ¢1(zj) +

3 N
= 3
ol 521 &5 Bolvg(25)-6v, (2,00, (2)+307(2,) 1 +u,

2
2

/s
I vyt ] s

L 1
eyt s e a7 g+ 1wi® 30




5T

LI ¥ 3
‘A1, J(2m.-1) = - 8 ; 7. ,
'A1.22) jZ1 aJ( ™ ) jz1 8 E, ¢1( J) + M,
| o< BveS 3T T S+ 1632+ ) 35”]1/5.
2 - a‘ w3 wg ¢1 9
N N
2 2 2 2 2
Al1.2 . E (2P.-1 = 0 . Z.
3) J§1 aJ e( j ) JZ1 aJ EO 11)1( J> + M39
)< mned a2 T s 3572 . 3 e,
N 2 N
2 _8° 2
A1.2L) 09(.2 8 Pj) =3 OO(-Z 8 ¢1(Zj)) M),
J=1 J=1
2/s
2,6, .r 2/r[ s 3s/2 3s
ENIES i E e N A I ([l I (e +
soane a1 s+ 1035720 . 3 e (Ja )
[ Ilvg V5 v oy (Las .
loreover, for m 2 1 and p > 0 there exist B' and B" depending only wmd

n m and p respectively, and such that

N
A1.25) Y E_|2P.-11" < B'Ne™ |1yl
5=1 6 J 1

N n pI1/p - mo!
A1.26) [ ) {Eg |Pj-wj| } | o= 6 LZ{EO|¢1(ZJ)—E (zj)| } ]

v
58 0"1

1/¢
R [T I Tt

here p vV 1 denotes the larger of o and 1.

ROOF. In (A1.14) we teke E = E_, q(2,6) = Zaj(eg(z
nd find

j’




ot

| <7+ sup{E |2Za pO h( .,v0)] 1 0<v <1} <

Neh
12

ey /x s11/s

IA

sup{[%-z Eolgo’u( .,v0) 7] : 0 <v <1},

lder's and Ljapunov's inequalities. Since o 1(2.,v8)|° is symmet-
Oah J

n Z1""’ZN’ we have

5 E IPO h ’Ve), EO ISO’M(|X1[,V9)IS

e apply (A1.13) and use the fact that the distribution of iﬁj(]X1],v6)

F(x) is the same as that of iwj(lx1],ve) under F(x-v6) to obtain
~ s s 2
12,1, 1vo) % s w2 0 Clw (15 1ve) |+ | CIx |ve)]

2 I
+uslx 1ve) + wl(]x,|,ve)31°

se s 21and 0 <2v6 < e for 0 £ v £ 1, this implies that

s-1.s Ilwhs/3

Do, (1%, 15v8) % < 85 oyl llup Il +

proves (A1.21).
The proof of (A1.22), (A1. 23) and (A1.25) is similar. In each case we

pply (A1.1k4), taking q( Za 2p(Z 8)-1), k=2, m=1 to prove
2), and q(Z,6) Za )-1) , k= 2 m=1 to prove (A1.23). In

5) the symmetry in Z1 ...,ZN is already present from the start, so

ve use (A1.14) with q(|X,[,6) = 25(|x1|,e)-1, k=0 and the value of m
(A1.25).

o deal with (A1.24) we note that

[o5(TaP)- 5 og(Tasu, (2,))] = 0T, (3(2,,0) + 2y, (2,)}) +

+ 6 o(Jasu,(2,))0 (Jas{p(z;,0) + Zu,(2.)

;1 q(z,6) = ZajS(Zj,e), k=2, m=2 in (A1.15) and then proceeding as

I+ 2SI+ Ivte i,

Y




°9

efore we find

6
2/\ ~ ) ) ~ 2
. . + . < == . . : < < <
oO(ZaJ{p(ZJ,e) §w1(ZJ)}) 3 sup{EO[EaJpO’B(ZJ,vO)] 0<vs1)<
26, r, 2/r s 3s/2 35,42
< B llaT 1B T LIS + 1103520+ 3o a7e,
hus establishing (A1.24).
It remains to consider (A1.26). Since
0(Z.,0)-E p(Z. = 6[p .,0)-E D ) +
2 (1. N
» & Jo[po,g(zj,VG)—EOpO’2(Zj,ve)]2(1—v)dv,
nd m > 1, we have
E. |P.-m,|™ < 2™ 6" E_ |3 (2.,0)-E.5. .(2.,0)|™ +
6 "3 0 0,175 00,1°73°
eZm L - o
+ — - -
2 Eo Jo|po,2(zjsve) EOPO’2(Zj,v6)| 2(1-v)dv <
o™ m m-1_2m ~ m,
< —E . )- . - -
5 £ |w1(zJ) E0w1(ZJ)| + 2 JOEO |po,2(Zj,\)9)| 2(1-v)av

ance
ME, |Pj—ﬂj[m}p < empZ{EO 111)1(23)-E011»1(.ZJ-)Im}p +

Im(pv1>

+ 2N 1 + sup(E (|x,1,v0) 0<v < 1}]

0 |po,2
roceeding as before we prove (A1.26) and the theorem. [

JROLLARY A1.1. Suppose that positive numbers c,C and ¢ exist such that
2.35), (3.2) and (3.3) are satisfied. Let K, K, and n be defined by (2.40),
3.4) and (3.5). Then there exists A > 0 depending on N,a,F and 6 only

2rough c¢,C and e, and such that




Za.(en.-1)>

'T) sup IE X - - K (x-n)| <
. ( (Za§>1/2 6
f =5/4 Gk oJa0y(2,0) + 0 1/29502 (T, }
'8) |7 a E w [ < for m=1,3,

‘ 2 2
9) L & Eqv3(2,)| < aw,

0) Y &y ByLws(Z,)-6y,(2:)u,

3
(Zj)+3w1(zj)]| < AN,

1-m/2

1N LE, IEPj—1|m < AN for 1 <m <6,

]9/h

9/k
2) {Z{Ee [P | }L‘/gJ 63{Z{EO ¥, (2,)-Egu ( l3}h/9] +an3/

' Since the corollary is trivially true for N < (20/&)2, we may assume

26 < 2CN—1/2 < ¢ and use the results in theorem Al.1. We note that

) implies that IIa || < [c” max(1 N* )]1/h_ In the notation of this
dix (3.2) asserts that ||1p Yl < ¢ for m, =6, m2=3, m3—% and m = 1.

rder symbols in this proof are uniform for fixed c¢,C and €.
(A1.28)-(A1.30) follow from (2.35) and (3.2) by H8lder's and Ljapunov's

alities, e.g.

11 a3 mgu, (2] = owrlia’ 13 iy 4y = o).

1) and (A1.32) are immediate consequences of (A1.25) and (A1.26).

T&dngr=h,s=%in(A122%%AL2h)wefhm

3) M. =0(1), M, = O(N-1/u), M = 0N + o™ % Ea v, ( ))).

, wniformly in x,




A1.34) K(x) = o(x) +

aking r=«, s=1 in (A1.

Za.(2ﬂ.-1) _
41.35) _J_J_(Eaz.)VQ =
" d

aere the second term on -
ite x - (Zag)-1/2§a.(2ﬂ.

J " d J
round x-n. It follows fr

1is way we obtain (A1.27

have

03

2,1
(Zaj)
B/MBM)
ght is

r x in

.35),

o 3

283) by (A1.30). Now we substi
4) and expand the right-hand s

) for m=3 and (A1.29) that in




NDIX 2. ASYMPTOTIC BEHAVIOR OF MOMENTS OF FUNCTIONS OF ORDER STATISTICS

Our aim in this appendix is twofold. In the first place we provide a
f of theorem 3.2 where the order of the remainder in expansion (3.8) is
uated. Secondly, we obtain asymptotic expressions for the leading terms
he expansion for the case where exact or approximate scores are used,

in effect proving theorems 4.1 and L.2.

Let Upiw < Yooy <777 < Uiy

the uniform distribution on (0,1).

be order statistics of a sample of size N

A A2.1. If A = 2= then for all ¥=1,2,... , j=1,...,N and t 2 0,

2
N. 1/2 3t

-

T. The probability on the left is equal to

1 a1
1) B( 35,0,0-6(RU2L 3 L By siq oy, qoace AU=A) 2
\ N

N
B(jSN’p) = z k
k=]

j > Np Bernstein's inequality (cf. HOEFFDING [1963] p.17) yields

h(s) = 35(2s+6)_1. Application of this result gives after some algebra

A
Lo+ (g

(3+N'1)+t(NA(1-A))' [x(5+N'1)-2J-2N“1t2}

1 ]
(j ,N,x—t(lg%l)z) < T

1 -
1g that A < N(N+1)‘1 and (NA(1-1))"2 < 14N 1, we see that
-3t2(6t+8)_1} is an upper bound for the first term in (A2.1). By inter-
3ing j and (N-j+1) we find that the same is true for the second term in

I) which proves the lemma. [J
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EMMA A2.2. If A = E%T’ k 78 a positive real number, Vi 18 the k—-th abso-

ute moment of the standard normal distribution and I(a b)
H]

f (a,b), then uniformly for j=1,...,N and n = 3A(1-1) we have for N + «,

18 the indicator

nl—

2k k . _
o)) BT ) Ty (Uy ) = 2y + 00n(1-2))7%),
_N %k k 3 _1
o) B U5 T ) (Usa) = 2v * 00(-2)) 7).

ROOF. Let f be the density of Z = (ITAL——)2(U -A). Application of Stir-

1-1) J:N
ing's formula in the form log n! = (n+3)log(n+1)-(n+1)+3log 21 + O(n_1)

ollowed by expansion of logarithms yields

3
log f(z) = —%iog on + —2h=] T 2 - %{1— AN:E —~ g ]z2 +
(NA(1-2))° -
3
|z] 1)
+ 0( T +
(N)\(1—>\))2 N)\(1‘>\)/
22 <N min(—i—-l:i) Hence, for |z| < (NA(1—A))1/6 < [N min(—i— 1~_)\)“1/2
- T-x° A ’ = 2> /7
2 3
1 -1z [z |+]z] 1
12,2) f(z) = 5—=— e 2 [1 + 0( - + )
\/21T (NX('I—)\))z N)\(1-)\)

. C e N 2 _ 1 1/6 .
1iformly in j. Since ”(7TTTI7) > 5(NA(1—A)) , (A2.2) and lemma A2.1 im-
ly that

6
%(NA(1—A))1/ ;.2 3
B ZkI (U.. ) = _1_J Zk e-zZ [1 + 0(1_+|Z_I-iél_l)_]dz +
(K,Hn) J:N vem 0 (N)\(1—)\))2
® k -5z -3
+ 0( z e °%4z) = %vk + 0((NA(1=1))"2),
s (1-2)) "/

1ich proves the second part of the lemma. The first part now follows by

ting that U. have the same distribution. [

3N and 1—UN

-J+1:N

IMARK. One easily verifies that lemma A2.2 continues to hold when n is




1
as small as [c A(;{A | Log NA(1-A)| 1% for amy c¢ > 1. It should also
ted that when J or (N-j+1) remains bounded as N -+ », lemma A2,2 merely

k -k
s that E |Uj:N—K| =0(N ).

TION R . For real r > 0, a function h on (0,1) <s said to satisfy con—

7 R, 1f h 18 twice continuously differentiable on (0,1) and

"
lim sup t(1-t) I%T%%%| <1 +'%.
t>0,1

A2.3. Let TiaeeesT s k1,...,km be positive real numbers, j=1,...,N,

%T and Vi the k-th absolute moment of the standard normal distribution.

se that hoseeesh satisfy conditions R, seeesR, respectively and that

1 m
< 1. Define
%Zki 1 m k
1 _1 .
M= (Ai%fil) {(A(¥;A )2+ (NA(1=2))"2 11 |h! ()] l}.
. 1
1=1
uniformly in j, we have for N -
m k 1rk m k.
i A(1=1).2 i
Elr=11|hi(uj:N)—hl(x)l = (=F) vZki lI=T1|hi(>\)| + 0(M)

m k.
ET (b, (U, )-h.(A)) * = 0(M) if Tk. Zs odd,
j=1 1 J:N 1 1
32k, m k
2 .
= QUL i) e o)
N k. ._ 1
1 1=]
if Zki 18 even.
S . .. . . N+1
» For reasons of symmetry 1t 1s sufficient to consider only J < >

\ < %n Since hi satisfies condition Rr , there exist 0 < e < %3 T > 1
> 0 such that for i=1,...,m *
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by (t) 1\, -1

A2.3) |m')—| < (1 + -I"—?)t for 0 < t < 3¢,
1 1

A2.k4) |hg(t)] <C for € <t < 1-¢,
ny(t) 1 -1

A2.5) !B—{(_t')" < (1 + }?)(1—1‘,) for 1-3e < t < 1.

Suppose first that A < 2e¢. Integration of (A2.3) shows that for

) <t £ X and i=1,...,m,

. [ n}(t) N
(-)T) s hi“‘) < ('{) N
o (A)-h, (t) o
rir N r.T hi A —hi t N rir
Er—i'm A[1_(-}T) 1 ] < —W— < ri'r)\[(-t-) - 1}.
t follows that
h.(A)-h.(t) 2
A2.6) l—h,—?ﬁ—— = (A-t) + 0(9'—;1—) for A <t < A,
1
.
h. (A)-h. (t) r.T
IW—I < r.ﬂ(%) * for 0 < t < 3\,

pplication of lemma A2.2 with n = 3\ yields

k
m(hi(A)—hi(Uj’N)\ I, (U, ) =
AT ) R U

%Zk. T rk.
= %(M> * vo, D1+0C(NA(1-1))73)] + ofx SICRSLAS

1y (U. ) ),
N \ Uj:N (032)\) J-l\‘ )

1

k.

There we have made use of 2 ;3- < 1. For 2 < J <
i

(N+1),

Mo [—




1 _
Ik. /Tt Zki+1/1 N 1/1

) = 39129521:m-1%(0,12)

J:N J=- (

<

Uj—1:N—1)

LV E

Ik, 22k, 1
< 2x lP(Uj_T:N_1< A) = 0<(Ai%§ll) Ha(1-2))7

N——"

mma, A2.1. For j=1 we have

1
Ik. -rk.-1/ 2(N+1)
)y gy Vg (U, ) = (ne1) B TN j o) gy -

1 S,
UJ:N (OQ2>\) J'N 0

-Ik. 37K, 1
=0y )= o(@%l) 1(NA(1->\))"2>.

her, (A2.8) and (A2.9) ensure that the second remainder term in (A2.7)

e omitted.

A similar analysis based on (A2.3)-(A2.5) shows that for A < 2¢ but
, (A2.6) holds for X < t < %% and
+——_
hy (t)-h; (1) b T 3
l"———ﬂ?m-——‘| < r'TA(X) for = <t < 3e,
IR _1
r.T r.tT
= 0<A * (1-t) + ) for 3¢ <t < 1
by lemmas A2.2 and A2.1 and a change from Uj'N to Uj'N—1 as in (A2.8),
m hi(Uj_N)—hi(A)\ki
9] EM - I U. =
) i= < i) ) (0, 1) U5an)

3Tk, ;
= 1(511:ﬂ102 * “zk.[1 + 0((NA(1-1))723)] +
1

Ik, 1 -Zk.-1/1
+ O(A exp{-2(NA)2} + A 1t E(1-U.

éZki 1
VZki[1 + O((NA(1=1))"2)],
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ombining (A2.7)-(A2.10) and noting that (A2.7) and (A2.10) remain valid
‘hen absolute values are taken inside the expectation signs, we see that
he lemma is proved for X < 2e.

If 2e < A < %3 (A2.3)-(A2.5) imply that

BI(A)(6-1) + 0((-1)%)  for e <t < 1-,
1

hi(t)—hi(k)

r.T7
0((t(1-t)) * ) for t < e or t > 1-¢,

|, (t)-h, (1)

follows by noting that hi(x) is

n|—=

nd the proof of the lemma for 2e < A <
ounded and arguing as e.g. in (A2.10). [

.EMARK. Although the remainder M in lemma A2.3 consists of two terms, only
me of these plays arole for any particular value of A. For 2e < A < 1-2¢g,
.{(A) and (A(1—k))_1 are bounded and we need only retain the first term of
. It follows from (A2.7)-(A2.10) that for X < 2e or A > 1-2¢ only the se-

ond term of M is needed.

EMMA A2.4. Lemma A2.3 continues to hold for central moments, Z.e. if hi(x)
8 replaced by E hi(Uj'N) for i=1,...,m, provided only that r. = 1 for

'ROOF. As ri > 1, lemma A2.3 contains as a special case

+1n (1)1

N )

A2.11) |E hi(Uj:N

/x(1-x)
he lemma is proved by expanding the central moments in terms of moments
entered at the hi(x) and applying (A2.11), lemma A2.3 and the remark fol-

owing it. O
We also note the following extension of a result of HOEFFDING [1953].

EMMA A2.5. Let h ..,hm be continuous functions on (0,1), q a continuous

1
unction on R and Q a convex function on R" such that lq| < Q. Suppose that

élhi(t)ldt < o for i=1,...,m and that féQ(h1(t),...,hm(t))dt < o, Then




7. Because hi is continuous and summable, lemma 2.2 of BICKEL [1967]

.es that for any € > 0, Ehi(UjN:N)—hi(J

N(N+1)—1) + 0 uniformly for

iN(N+1)_1 < 1-¢ as N > «, Since q is continuous and q(h1, .,hm) is
ible, the lemma is proved if we show that
] [e(§+1)] N \
lim sup —< + ; fa( Eh (U, )s...»,Eh (U, ))] = 0.
U g §=L(1-eJ(wr1)1/ J N g

3 obviously sufficient to prove this for Q instead of g, but as Q has
same properties as q and is moreover nonnegative, this is equivalent

jowing that

lim sup %
N J

ne~—=

Q(Eh1(U.

jap)oe e sBR (Us ) < J Q(h, (t),...,n (t))at.

1 m J:N

is convex this follows from Jensen's inequality. [

L A2.6. Let Koseeesk be positive integers and Tiseeesl positive real
s such that Z ;5 < 1. Suppose that h1,...,hm are continuous functions

1
r.

1) for which f;!hi(t)l T4t < » for i=1,...,m. Then

;T om k., (1 m K
lim g § T (Bng (U, J M (n () *
Noo = j=1 i=1 1 J° 0 i=1

n addition, h, s monotone in neighborhoods of O and 1, then also

k. m k. r1 m k.
) * =J M (n(t)) “at.
0 1=1

» The first part of the lemma is a special case of lemma A2.5, obtain-
k. r.

preeesX ) =T xil and Q(x5...5x ) = 1+Z|xi1 1. To establish

econd part we follow the proof of lemma A2.5 for these choices of q and

taking q(x

with Eh1(Uj'N) replaced by h1(j(N+1)_1), until we arrive at the point

it suffices to show that
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[ i 1 m ( ri 1T m ri
L|h (== + ize |Ehi Uj:N)[ J < Jo i£1 ]hi(t)l at.

As |n is continuous and summable, its monotonicity near O and 1 amply

.
-1 ~1y 71 1 1
guarantees that N 2|h1(j(N+1) )| > fO]h1(t)| dt. Application of Jen-

sen's inequality to the remaining terms completes the proof. [J

We now state the results needed to prove theorems 3.2, 4.1 and L.2 in

the form of two corollaries.

COROLLARY A2.1. Suppose that positive numbers C and 8 exist such that
m'(t)| < (3(13(1—13))—LL/‘%(S for all 0 < t < 1. Then there exists A > O depend-
ing on N and h only through C and § and such that

1&/9

3 <
) f < AN

L/9
J:N '

I 12

{E lh(Uj_N)—Eh(U..
J=1 '

The above condition is fulfilled if h satisfies condition R, and
j;h6(t)dt < o,

PROOF. Define A = E%T' For all 0 <t < 1, |h(t)-h(A)| is maximized by taking

-L/3+¢

h'(t) = c(t(1-t)) and for this particular choice of h' the function h

satisfies condition R_. Hence, by lemma A2.3, we have in general

3
x“ilh(Uj:N)—h(x)lk = 0((*—(11\111)%1‘“(1_”)—k(h/3-6)>

for 0 < k £ 3. It follows that

N 4/9 N L/9
I |n(u, -mnqu, )13V =0 7 {53200 (1-0))7572 _
Z : o (3'21 { } )

1-1/N \
= ofy1/3 f (t(1_t)>“10/9dt) = o9y,
1/N

Condition R, ensures that for ¢ as in (A2.3) and 0 < t < 3u < €,

[h(t)-h(2e)] = § ulh'(u)| and hence for u » 0,




u

ol

u7(h'(u))6 < 213 f (h(t)—h(2€))6dt + 0.

0

-1/6,

e same way one shows that |h'(u)| = o((1-u)

s the proof. [

For i=1,2,3, let vy = f(l)/f and wi(t) = wi(F'1(
). Let J be a function on (0,1).
1

0
Let either aj = g

LARY A2.2. Suppose that (3.2) holds, that 0 < |
T and Y, satisfy condition R, .

= = - 1=
..,N or a. a5 g J(N+1) for j=1,...,N. Then,

N 1
2) %- Z 8° = f J2(t)dt +0(1),

1
) = [ F e+

w
=]
ne-~—m=
o
=
-
G

7 17N 2 Uj:N

Ca.

i
|_3
o~z
o
=
<
(]
=
|
S
=
ct
B
c’.
A
Qo
ct
+
Q

= EJ(U. ) for j=1,...,N, then also

J:N
i
a. EY _(U. ) 1

S NN L fP(eny, (elat

( § 22y1/2 (f;Je(t)dt)1/2

=1’
[
. cov(I(Us, )5 ¥, (U5, 1)) _l_f;J(t)w1(t)dt g

(f;Je(t)dt)1/2 2N (f(1)J2(t)dt)3/2 J=1

L > 1, which com-

as in (3.1) and

t < © and that

EJ(Uj:N) for

- o
b

t-stldsdt + o(1).




T1

i féJ(t)W1(t)dt 1 f};gN-J'(t)W{(t)t(1—t)dt .

(f;Je(t)dt)1/2 N (f;Jz(t)dt)1/2

ng(t)w (t)at ,(1-1/N

1 1
eN (ng2(t)dt)3/2 J1/N

(31(£))°t(1-t)at + o(n"') +

+

1-1/N
O(N_3/2 f |Tr(e) | (|3 (e)]| + |W{(t)|)(t(1—t))1/2dt>.
1/N

fa=-v and either a; = —EW1(UJ:N)

=1,...,N, then

for j=1,...,N or aj = -W1(—J—O for

N
2 a. EY (U' ) ‘]_‘]/N . 2
=1 J 1l 1 s (¥1(t))t(1-t)at
a2.18) W /R AL - (f Pe)an) /2 ¢ U1 .
(v &2)1/2 0 2N (S ¥5 (%))
j=1 Y
1-1/N

(v (£))2(s(1-t)) 2as )

+ o(N_1) + OKN_3/2 f ] )

\

1/N

ROOF. The assumptions imply that Y., Y., Y, and J are continuous, that
— 1 2 3

6 W3 |W |h/3

12 2?2 3
ence (A2.12)-(A2.15) follow from lemma A2.6,

For aj = J(ﬁ%T) a proof of (A2.16) is essentially contained in STIGLER

1969]. Our condition R2 for W1 ensures that W{ will satisfy STIGLER's con-

ition T at O and 1. As in the proof of corollary A2.1, one can argue that

and J)‘L are summable and that J is monotcne near 0 and 1.

2ar 0 and 1

2.19)  wil) = o((e(1-6)7T/8), F() = o((t(1-8))7 ),

aspection of STIGLER's conditions for (A2.16) shows that in our case the

1ly missing ingredient is that Y. is not necessarily increasing on (0,1).

1
owever, Y., is monotone where it matters, that is in a neighborhood of 0

1
ad 1.

To prove that (A2.16) remains valid for aj = EJ(U.

J:N) we note that by




=

lemma A2.4 and (A2,19)

2( 3 (@r(u. s 0. ) <[ T |m3w, )-s(-i
° <jz1 EJ Uj:N - (N+1))W1 Uj:N )~ [jz1|EJ Uj:N -J N+1)!°(W1(U5:N)
23
1-1/N =
- o(N_1[f / (t(1-t)) 12ax12> = o6,

1/N

For a. = EJ(U.:N) we have

N 1 N
1 e _[ 2 1 2
(A2.20) 521 a5 = JOJ (t)at - T jz1 o (J(Uj:N)),

, N 1 , N
(A2.21) T z 8 EY (Uj;N) = JOJ(t)W1(t)dt - 5.521 cov(J(Uj:N),T1(U _

By lemma A2.4, condition R, for J, and (A2.19)

1-1/N 5
f (J'(£))"t(1-t)at +
1/N

2=

I 5
(a2.22) ) o (J(u, )) =

1-1/N 1-1/N

+ O(N'2 J (J'(t))zdt + N"3/2 + N'3/2 f
1/N

nl—=

(31(£))2(6(1-t))

at) =

1/N

1-1/N 1-1/N )
= 1-J (J'(t))zt(1—t)dt + O(N'3/2 EETE f (J'(t))g(t(1—t))2dt>
N 1/N 1/N

3imilarly

1 N 1 1—1/N
(42.23) 5'521 cov(3(U; 1 )5¥, (U, 1)) = ﬁ'f1/m T (E)¥ (£ (1-t)at +

1-1/N 1
" O<N_3/2 + 32 f |Jv(t)w;(t)|<t(1_t>>§dt> = o1/

1/N




fogether (A2.20)-(A2.23) are sufficient to prove (A2.17).

If J = —W1 and aj = -EW1(Uj_N), then (A2.17) reduces to

»rove that (A2,18) also holds if a'j = -W1( ), it suffices

-
N+1

: J
A2.2L) WT(N+1)EW1(Uj:N (EWT(Uj:N)

Ca.
e~

N . N
I I
‘] = =

1-1/N
=0(1) + 0(1\1'1/2 ! )
1/N

t follows from lemma A2.3 and condition R2 for W1 that

N . 1-1/N

2 (=1 -1

) {EY (U, )-¥ (=1 = 0o(n” + N f (! (4
521 15N 1N+ iy

1-1/N
- o(m‘1 + 172 f (‘P{(t))z(t(l-—i
1/N

hich suffices to establish (A2.24) and complete the proof.
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